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Local Muckenhoupt class for variable exponents
Tokyo Metropolitan University
Toru Nogayama and Yoshihiro Sawano

Abstract

In this report, we define Ag’(‘f) and show that the weighted inequality for local
Hardy—-Littlewood maximal operator on the Lebesgue spaces with variable expo-
nent. This work will extend the theory of Rychkov, who developed the theory of
A}D"C weights. Due to the setting of variable exponents, a new method of exten-
sion of weights will be needed; the extension method is different from the one by
Rychkov.

1 Introduction

1.1 Local Muckenhoupt class

We recall that Rychkov established the theory of local Muckenhoupt class [5].
For 1 < p < 0o, w is called an A;OC weight if

= g L) fr )

where the supremum is taken over all cubes @ C R™.

Rychkov gave a method of creating global weights from a given local weight.

Lemma 1.1. [5, Lemma 1.1] Let 1 < p < 0o and w € AP°. Let I be a cube with
|I| = 1. Then, there exists a weight w € A, so that w = w on I and

[W]AP S C[w]A;lnoc,

where the constant C' is independent of 1.

1.2 Variable Lebesgue spaces

We use the following notation of variable exponents. Let p(-) : R" — [1,00) be a
measurable function, and let w be a weight, that is, a measurable function which
is positive almost everywhere. Then, we define the weighted variable Lebesgue

12
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space LPO)(w) to be the set of all measurable functions f such that for some

A >0,
/n (&f)l)p(w) w(x)dr < oo.

For f € LPU)(w), the norm is defined by

p(z)
o =it {10 [ (LAY s .

If w =1, we write || - ooy = || - Iy and LPO(1) = LPO, and we have the
ordinary variable Lebesgue space LP0).

Note that the definition of LP¢)(w) slightly differs from the one in [2], where
the authors considered the theory of Muckenhoupt weights for the Hardy—Little-
wood maximal operator M. When we investigate the boundedness of the maximal
operator M on the varable Lebesgue spaces, the following two conditions seem
standard.

(1) The local log-Hélder continuity condition:

C
LHy : - < -
o ¢ [p(x) —py)| < v —

1
{L’,yERn, |CL’—y| < 5’ (11)
(2) The log-Holder continuity condition at infinity: there exists po, € [0, 00)
such that

LHy : |p(z) — pool x € R"™ (1.2)

< -
~ log(e + |z[)’

Using a different method from [5], we seek to establish that the local analogue
of the result in [2] is available; we consider the local maximal operator given by

Mloc = XQ(I) d Rn
fle)= s X /Q FWldy (xR

for a measurable function f.

2 A;O(‘f) weights

We will mix the notions considered in [2, 5] to define the local Muckenhoupt class
as follows:



Definition 2.1. Given an exponent p(-) : R" — [1,00) and a weight w, we

say that w € A if [w]gee = sup |Q ' Ixoll oo w)lIXoll Loy < 0, where
() p(-) Q<1 (o)

1
o =w *O-T and the supremum is taken over all cubes ) € Q. Here Q denotes
the set of all cubes whose edges are parallel to coordinate axes.

If p(-) = p is a constant exponent, then Ag’(?) coincides with the class ALOC
defined in [5].

Next, we will consider the extension of this local weight as Rychkov did.
However, we can not use the technique by Rychkov [5] directly. To simplify
the matters, we work in R. In [5], Rychkov considered a symmetric extension of
weights. More precisely, given an interval I and a weight w on I, Rychkov defined
a weight w; on an interval J adjacent to I mirror-symmetrically with respect to
the contact point in I N J. We repeat this procedure to define a weight w; on R.
We can not employ this method since we can not extend the variable exponents
mirror-symmetrically.

To overcome these issues, we will need two devices. One device is well known.
We will fix a dyadic grid Dy ., k € Z and a € {0, 1,2}". More precisely, let

o {{[3m-2k+a—2k+1,3m-2k+a+2k) :m € Z} (kiseven)
BT {[3m 28 +a — 25 3m - 26 4 a+ 25 s me Z} (K is odd)
for k € Z and a = 0, 1, 2. Moreover, we put

Dra ={Q1 X Q2% - xQn:Q;€D],}
for k € Z and a = (ay,as,...,a,) € {0,1,2}". Then we set

D, = U Dy.a : dyadic grid for a € {0,1,2}".

kEZ

Here and below, let ® be a dyadic grid.
The second device is a new local/global strategy.

Definition 2.2. Let p(-) : R® — [1,00) be a variable exponent and w be a
weight. Then, w belongs to A;O(?) (D) if

(W] goe ) = sup QI X oy Ix@ 20y < 00,
P QeD,|Q|<3n

and w belongs to A, (D) if

[w]a,.,@) = sup [Q Ixell oo w)llxell Lo @ < 00,
QED

1
where 0 = w™ rO-T,
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The next lemma is important. As we have said, Rychkov extended a local
weight mirror-symmetrically. However, in the setting of variable exponent, this
way is no longer available. So we propose the different extension.

Lemma 2.3. Let w € A;O(‘?)(@). Let I € ® be a cube with |I| = 1. Define

() = | rllmow)?® (@ €R™\D)
w(z) (zel).
Then w € Ap(g(@) and [E]AP(-)(Q) < [w]A;O(?)(D)'

3 Main theorems

The followings are our main theorems.

Theorem 3.1. Let p(-) : R* — [1,00) satisfy conditions (1.1) and (1.2) and
1 < p_ = essinfernp(z) < py = esssup,epnp(r) < 00. Then given any w € A;O(‘f),

1M F1] 106wy < ClL I o) -

In analogy to Theorem 3.1, we can prove the following theorems:

Theorem 3.2. Let p(-) : R™ — [1,00) satisfy conditions (1.1) and (1.2). If
1 <p_ <py <oo, then given any w € A;O(‘f) (D),

IM5° Fll o ) < ClF ooy

where

ocC — X T n

s = s X )0 @er)
Qenlqizsr 1@ Jo

Theorem 3.3. Let p(-) : R™ — [1,00) satisfy conditions (1.1) and (1.2). If

1 < p_ < py < oo, then given any w € Ay (D), there exists a constant C' > 0

such that

Mo fll 1p0 ) < CNF Nl 2re) )
for any measurable function f,where

= sup X e R
Maf(r) = sup 25 /Q Fldy (xR,

Theorem 3.1 will have been proved once we prove Theorem 3.2, whose proof
uses Theorem 3.3. We note that unlike the proof of Theorem 3.1, the one of
Theorem 3.3 is an analogue of [2, Theorem 1.1].



4 Application

Finally, as an application of our results, we will prove the Rubio de Francia ex-
trapolation theorem in our setting of weights. Furthermore, using this theorem,
we obtain the weighted vector-valued maximal inequality. The theory of extrap-
olation is a powerful tool in harmonic analysis to extend many results starting
from a weighted inequality. Cruz-Uribe and Wang [3] and Ho [4] extended the
extrapolation theorem on weighted Lebesgue spaces with variable exponent, re-
spectively. We can show the extrapolation theorem for A;O(?) by applying the
boundedness of the local maximal operator.

Theorem 4.1. Suppose that for some py, 1 < pg < 00, and every wy € Agf)c,

f(@)wo(z)dz < C | g(x)"wo(r)dz

for pairs of functions (f,g) contained in some family F of non-negative measur-
able functions. Let p(-) satisfy conditions (1.1) and (1.2) and 1 < p_ < py < o0,
and w € Agz(f). Then,

1f1 ro wy < Cllgll e )
for (f,9) € F.

Rychkov [5, Lemma 2.11] proved the weighted vector-valued inequality for
M ¢ and w € A)° as an extension of the results in [1].

Proposition 4.2. Let 1 < p < 00,1 < q < o0, and w € A}DOC. Then for any
sequence of measurable functins {f;};en, we have

q

Q=

LP(w) LP(w)

We recall that Cruz-Uribe et al. extended the same result by Anderson and
John [1] to variable Lebesgue spaces.

Proposition 4.3. Suppose that p(-) satisfy conditions (1.1) and (1.2) as well as
1 <p_ <pp<oo,andletw € Ay and 1 < g < oo. Then for any sequence of
measurable functins {f;}jen, we have

(Z [Mfk]q>

Qe
Qe

<c (iw) . (4.1

The following theorem is the weighted vector-valued inequality for the local
variable weight.

16
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Theorem 4.4. Suppose that p(-) satisfy conditions (1.1) and (1.2) as well as
1 <p_<py <oo, and let w € Apy and 1 < g < 0o. Then for any sequence of
measurable functins { f;}jen, we have

1

(5 )

k=0

<c (Z\mq)q S @)
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Commutators on Orlicz-Morrey spaces

Minglei Shi, Ryutaro Arai and Eiichi Nakai (Ibaraki University)

1 Introduction

This is an announcement of [14].

Let R™ be the n-dimensional Euclidean space. Let b € BMO(R") and 7" be
a Calderén-Zygmund singular integral operator. In 1976 Coifman, Rochberg
and Weiss [3] proved that the commutator [b,7] = 01" — Tb is bounded on
LP(R™) (1 < p < 00), that is,

11 T]flle = 0T f =T O < CllbllB7MOIIf| 20,

where C' is a positive constant independent of b and f. For the fractional
integral operator [,, Chanillo [2] proved the boundedness of [b, I,] in 1982.
Coifman, Rochberg and Weiss [3] and Chanillo [2] also gave the necessary
conditions for the boundedness. These results were extended to Orlicz spaces
by Janson [6] (1978) and Fu, Yang and Yuan [4, 5] (2012, 2014).
In this report we discuss the commutators [b,7] and [b,I,] on Orlicz-
Morrey spaces, where T" is a Calderén-Zygmund operator, I, is a generalized
fractional integral operator and b is a function in generalized Campanato
spaces.

First we recall the definition of Calderén-Zygmund operators following
[15]. Let €2 be the set of all nonnegative nondecreasing functions w on (0, o)

such that fol @dt < 00.

Definition 1.1 (standard kernel). Let w € Q. A continuous function K (x,y)
on R" x R™\ {(z,z) € R?} is said to be a standard kernel of type w if the

following conditions are satisfied:

K (z,y)| <

¢ for = #vy, (1.1)
|z =yl

— Kz, z T)—n(z,x ¢ w e
K () = K@, 2 + Ky, 2) = K(z2)| < 7 — 5 (\x—y\) (1.2)

for 2y —z| < |z —yl.
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00 OO0 (Eiichi NAKAI) eiichi.nakai.math@ve.ibaraki.ac.jp
This work was supported by Grant-in-Aid for Scientific Research (B), No. 156H03621,
Japan Society for the Promotion of Science.

18



19

Definition 1.2 (Calderén-Zygmund operator). Let w € Q. A linear operator
T from S(R") to S'(R™) is said to be a Calderén-Zygmund operator of type w,
if T is bounded on L?*(R™) and there exists a standard kernel K of type w
such that, for f € L2 (R"),

comp

Tf(x)= [ K(x,y)f(y)dy, x ¢ suppf. (1.3)

Rn
It is known by [15, Theorem 2.4] that any Calderén-Zygmund operator of
type w € € is bounded on LP(R") for 1 < p < oo. This result was extended to
generalized Morrey spaces and Orlicz-Morrey spaces by [7, 12] (1994, 2008).
For a function p : (0,00) — (0,00), we consider generalized fractional
integral operators I, defined by

Bi) = [ e =ol) ¢y gy,

no o=yl

where we always assume that

/1 o) dt < oo, (1.4)

t
Kor
2 p(t
sup p(t) <C ot dt for all r > 0. (1.5)
r<t<2r Kir

If p(r) = r*, then I, is the usual fractional integral operator I,. It is known
as the Hardy-Littlewood-Sobolev theorem that I, is bounded from LP(R")
to LY(R"), if a € (0,n), p,q € (1,00) and —n/p + a = —n/q. By using I,,
this boundedness was extended to Orlicz spaces and Orlicz-Morrey spaces by
Nakai [8, 9, 10, 11] (2000, 2001, 2004, 2008).

For functions b in Campanato spaces, the boundedness of the commu-
tators [b, 7] and [b, I,] on generalized Morrey spaces are given by Arai and
Nakai [1] (2018), and the boundedness of the commutators [b,T] and [b, I,]
on Orlicz spaces are given by Janson [6] (1978) and Shi, Arai and Nakai [13]
(2019).

2 Campanato and Orlicz-Morrey spaces

We say that a function 6 : (0, 00) — (0, 00) satisfies the doubling condition
if there exists a positive constant C' such that, for all r, s € (0, 00),

1 6(r) .1
— < —=< f —<-—<2. 2.1
C_Q(x)_c’ to=g= (2.1)

We say that 6 is almost increasing (resp. almost decreasing) if there exists a
positive constant C' such that, for all r, s € (0, c0),

O(r) < CO(s) (resp. O(s) < CO(r)), ifr<s. (2.2)

In this paper we consider the following classes of ¢:
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Definition 2.1. (i) Let G4 be the set of all functions ¢ : (0,00) — (0, 00)
such that ¢ is almost decreasing and that r — @(r)r™ is almost increasing.
(ii) Let G be the set of all functions ¢ : (0,00) — (0,00) such that ¢ is
almost increasing and that r — ¢(r)/r is almost decreasing.

If p € G or p € G, then ¢ satisfies the doubling condition (2.1).

Definition 2.2. For p € [1,00) and ¢ : (0,00) — (0,00), let £, ,,(R™) be the
sets of all functions f such that the following functional is finite:

1/p
ey s = sup s (f 1700~ sal )
B=B(z,r) w

where the supremum is taken over all balls B(x,r) in R", and

fo=f 0= s = [ s a

Then [ f]|z, , (rn) is a norm modulo constant functions and thereby £, , (R")
is a Banach space. If p = 1 and ¢ = 1, then £, ,(R") = BMO(R"). If
Y € G, then £, ,(R") = L1 4(R™) with equivalent norms.

Definition 2.3. For a Young function ®, let

L*(R") = {f € L°(R") : / ®(c|f(z)]) dx < oo for some ¢ > o} :

| fll e zinf{A>0:/n<I>(|f(Tx)l) dr < 1}.

Then || - || ;¢ is a norm and thereby L?(R") is a Banach space.

Definition 2.4. (i) A Young function @ is said to satisfy the As-condition,
denote ® € A,, if there exists a constant C' > 0 such that

®(2t) < CB(t) for all ¢ > 0. (2.3)

(ii) A Young function ® is said to satisfy the Vy-condition, denote ® € Vs,
if there exists a constant k£ > 1 such that

1
d(t) < %(I)(k‘t) for all t > 0. (2.4)

For a Young function ®, a growth function ¢ : (0,00) — (0,00) and a
ball B = B(z,r), let

o =it {301 s [a( 5 w1,

Definition 2.5 (Orlicz-Morrey spaces). For a Young function ¢ and a growth
function ¢ € G4, let

L( ) Rn {f € Lloc(Rn) ||f||L(<I>7<p) <OO}7
17000 =509 o

Then || - || ;@ is a norm, and thereby L(®¥)(R") is a Banach spaces.
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3 Main results

It is known that any Calderén-Zygmund operator is bounded on LP(R") for
1 < p < oo. This result was extended to Orlicz-Morrey spaces L(®#)(R") by
Nakai (2008) as the following: Assume that

/OO P (1) dt < Cp(r). (3.1)

t
For f € LI®¥)(R"), ® € Ay N Vy, we define T'f on each ball B by

Tf@) =T+ [ K@pfwd. veb (2)
R™\2B

Then the first term in the right hand side is well defined, since fyo.p €

L?(R™), and the integral of the second term converges absolutely. Moreover,

T f(x) is independent of the choice of the ball containing z. By this definition

we can show that 7' is a bounded operator on L(®*#)(R").

For functions f in Orlicz-Morrey spaces, we define [b, T'|f on each ball B
by

0. T)f(x) = [b. T)(fxen)() + / (b(x) — b(y)) K (z, 9) f () dy,

R™\2B
r € B. (3.3)

Theorem 3.1. Let ®, U be Young functions, ¢ € G¥ and ¢ € G"°. Let T
be a Calderon-Zygmund operator of type w. Assume that @, ®, ¥ and ¢ are
satisfies a suitable relation.

(i) Let ®,¥ € Ay N Vy. Ifb € LEV(RY), then [b,T|f in (3.3) is well
defined for all f € L'®¥)(R™) and there exists a positive constant C,
independent of b and f, such that

116, T]f]| vy < Clb| zawy | f]] Lo

(ii) Conwversely, if T is a convolusion type such that

Tf(z)=pov. | K(x—y)f(y)dy (3.4)

Rn
with homogeneous kernel K # 0 satisfying K(z) = |z|"K(x/|z|),
Jons K =0and K € C*(S™™'), and if b, T] is bounded from L**)(R™)
to LIY2)(R™), then b € LOY)(R™) and there exists a positive constant
C, independent of b, such that

HbHULW < C”[bv T]HL@MML(\P,w)a

where ||[b, T|| @.0)_ (v is the opetator norm of [b, T] from L(®*)(R")
to LMY (R™).



Theorem 3.2. Let ®, U be Young functions, ¢ € G4 and 1) € G"°. Assume
that p satisfies (1.4) and (1.5). Assume also that o, ®, V.1 and p are satisfies
a suitable relation.

(i) Let &, ¥ € Ay NVa. Ifb € L14(R"™), then there exists a positive

constant C' such that, for all f € L(®¥)(R"),

116, L] f [l pever < ClO 2y 1Nl 2o (3-5)

(ii) Conversely, if [b,I,] with 0 < o < n is bounded from L(®%)(R™) to

L9 (R™), then b is in Lq,(R") and there exists a positive constant
C, independent of b, such that

1bll21,s < Cllb, La]ll oo poves (3.6)

where ||[b, In)|| L@.¢) w0 15 the operator norm of [b, 1] from L(®%)(R")
to LY (R™).
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The boundedness of the bilinear fractional integral
operator on Morrey spaces

Chuo University Naoya Hatano

joint work with
professor Yoshihiro Sawano (Tokyo Metropolitan University)

1 Introduction
Let 0 < ¢ < p < oo. The Morrey norm M%(R™) is defined by

ME(R™) = {f € O s lag = sup 01 ([ s < oo}.
QeD Q

We recall the definition of the dyadic cubes precisely in Section 2. We handle the
following bilinear operator defined by Grafakos in [2].

Definition 1.1. The bilinear fractional integral operator of Grafakos type J,, 0 <

a < n is given by

fl(x+y)f_2(x—y) dy, LL’GRH,
R ‘yln «@

Jalf1, f2](x) =

where f1, fo are integrable functions defined in R™.

This operator corresponds to I, if we remove f; or fo formally, where I, is the
fractional integral operator

Iaf(x) = / L), dy7 r € R"
e T =y
for a measurable function f : R™ — [0,00]. We aim here to prove the following
estimate:

Theorem 1.2 (Hatano—Sawano [5]). Let 0 < a <n, 1 < ¢ <p; < 00, 1 < g2 <
p2 < oo and 1<t <s<oo. Definep and q by

1 1 1 1 1 1
-—=— 4+, —-=—+4+ —.
b P1 D2 q q1 q2

Assume that

1 1 .

- ) - = 3<m1n(Q1,Q2)-
s p mn p s

Then for all fi € MPL(R™) and fo € MP2(R™),

[Tl frs Folllavg S Nl aazs 1 F2ll aazz -
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This theorem partially extends the following result by Kenig and Stein:

Proposition 1.3 (Kenig-Stein [9]). Let 0 < o < mn, 1 < p; < 00, 0 < p < o0 and
0<s<oo, for j=1,2. Assume that

1 1 1 1
— —-|-—7
b b1 D2 S

=
|
;IQ

Then there exists a constant C such that

1Talfrs folllzs < CllAllLe ][ foll ez,
for all fy € LP*(R™) and fo € LP?(R™).

Other conditions are investigated on Morrey spaces. He and Yan [6] gave the case
t
l<g<p<ooand 1l <t <s < oo under the Morrey’s condition — = br_ P2 o,
S q1 q2
addition, they also provided the situation 0 < ¢t < s < 1 with weights. Later, the case

0 <t<1<s<min(qi,qz) is obtained by the author [4].

2  Preliminaries

For a measurable function f defined on R", define the Hardy—Littlewood maximal
function M f by

_ xq () n
M) = sp X /Q Fy)dy, =R,

where Q denotes the family of all cubes with parallel to coordinate axis in R™. In
addition, let 0 < v < co. Thus the v—powered maximal function M) g is denoted by
(M]|g|*])!/? for a measurable function g. Let 0 < v < ¢ < p < oco. It is known that
the estimate

1M fllag S llazs | € MER™)

holds by Chiarenza and Frasca [1].

A dyadic cube is a set of the form Qj, = H[2_jk’¢,2_j(ki + 1)) for some j €
i=1
Zyk = (ki,ka,...,ky,) € Z". The set of all dyadic cubes is denoted by D; D =
{Qjr : jeZkeZ}.
To prove Theorem 1.2, we refer the boundedness of the bilinear fractional integral
operators of the other type. Let 0 < v < 2n. The bilinear fractional integral operator
of Kenig—Stein type is defined by

dyldyg, T € Rn,

Tolf1, fo)(z) = / F1(y0) fo(ya)

roxre (|2 =] + |z —ya])?>" e



for integrable functions fi, fo defined in R™. Thus via the pointwise estimate of this
operator, the boundedness from M#1(R™) x MP2(R") to M;(R") of this operator is
known by lida—Sato—Sawano—-Tanaka [7], as follows:

IZalfrs Pl S D ac;;%/(%y f1(y1) f2(y2)dy1dy2

QeD M
Sl ez [ Foll ez,
where in the last estimate we have used Lemma 2.1 below.

Lemma 2.1. Let 0 <a<2n,1<¢q <p;j <00, 0<g<p<oo,0<t<s<oo for
j=1,2. Assume

1 1 1 1 1 1 1

—_ = — —, - = _

1
b P1 D2 q q1 QQ, S b
Then

> acﬁ%/@@p Ay o) dyadys|| S 1l 17200z

QeD M
for all non-negative measurable functions f1, fo.

The following lemma can be located as a standard estimate to handle this bilinear
fractional integral operator.

Lemma 2.2. Let fi, fo > 0 be measurable functions. Then we have

Tl o) & 0 @ [ e wiste - o).z €

where Qg is a cube with center origin and side length £(Q).

Lemma 2.3 (Ilida—Sawano—Tanaka [8]; Guliyev—Hasanov—Sawano—Noi [3]). Let either
1<qg<p<oo, 1 <t<s<o0,q<t,p<sorl=q<p<oo,1=t<s<o00,
p < s. Assume that {Q;}52, C D(R"), {a;}52, C M;(R") and {)\;}32, C [0,00)
fulfill

o0
supp(a;) C Qj, Z/\ijj < 00.

Then f = Z Aja; converges in 8'(R™) N L

loc

(R™) and satisfies
j=1

o0
lla; | At
||f||M{,’ Spaassit Z)‘j ’ TXQ;

j=1 |QJ s

Mg
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3 Proof of Theorem 1.2

Let v € (s, min(q1,¢2)), and let @ € D. By the Minkowski inequality and the Holder
inequality

REC OO /3 AL =)o)

LY (Q)

v

<l [ 156+ 0R6 =0l W)

< 13Qo|™ [ fillze sl f2llLe Q)
< 145 (v) (v)
< 13Q0 yllg?f;QM fl(yl)y;ggQM f2(y2).

Then using Lemma 2.3 and Lemma 2.1, we have

[Falfr. Felllans S| 2 gy=a o ST RC =y dy

QEeD ’Q|

L@l ,,

XQ / (v) (v)
< E e MY f1(y1) MY fa(y2) dy1dy
0™ Jis0: 1 2(Y2) dy1dy2

QeD M

S HM(v)ﬁHM?;i HM(U)JCZHM{.E-

Consequently, by the boundedness of the Hardy—Littlewood maximal operator on the
Morrey spaces,

[ Talfy, folllas S WAl 2l aazz
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Orlicz-fractional maximal operators in Morrey and
Orlicz-Morrey spaces

R &t (R LREESFEM R R

1. Introduction
i H O fractional integral operator I, % E# 3 5.

Definition 1. 0 < o < n 12X L T
)
I.f(x) = f J©_,,
re |X — Yl
YXIZ Young function B % & A3 5.

Definition 2. B%( B : [0, o) — [0, 00) #* Young function T % & I, #iGE B, ™BI#KL, H
THEEINREEL, B(0) =0,  51Z tlirg B(t) = co Ziii729 £ 9 5. X 51Z complementary Young
function B % €% 5:

B(t) := sup(st — B(s)) (t > 0).

s>0

Luxemberg norm (2 & % n{RJGAL 3R Q OB f D2 EHT 5.
Definition 3. n /Xt L GIK QI L T,

. 1
1f 150 ::1nf{/l>0: @fQB(If(;)')dxs 1}. (1)

Orlicz fractional maximal operator My, ZIRD & D IZEFHRT 5:
Definition 4. 0 < a <niZX L T,

Mpof(x) := SQup O 1fllp g -

a=0D&E, Mg:= My itk d5. Bt) =tDE E, M, := Mg, M := Mg LTED 5.
Z ® & E, M ¥ Hardy-Littlewood M KEFHZE, M, 133 BEEMKIERHZE 2R

Hardy-Littlewood M KAEFHZE M IZ BT 567 L U TIRDFERVBF SN TNV 5.
Proposition 1. 0 < p < py < 00 (X U TIRDIFRAL T 5.

Bl. p>1D&& M: M - M.
[0l p=1DEE, M: M — MP, 22T, D(t) = tlog* 1.

[M0. 0<p<1DEE M: M > M.

ARG SR AL B A BN 8 5 T2 GRS 5:18K13434) DIk Z2 213 76 DTH %,
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F— 77— K : Orlicz-fractional maximal operator, Morrey spaces
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Definition 5. Young function BIZX U C,B(f) st? (t> 1) ZIRET H. 2D & Z, Orlicz-
Morrey ZE[H]ZIRD K D IZED 5.

My = {f fllyen = sup 1Q1 [Ifllg g < oo}.

Q:cube
By=tr &S, M = MP L ED 5.
Pérez [9]] 1Z Mp DA FMIZ B3 % Young function BIZX 9 2 IRDFHED T Z R L 7=,
Proposition 2 (Pérez). 1 <p<oo &9 5. ZD & E, IROFEMIFAEMETH 5.

(i) BeB,: %6Eﬁ§&c>0&:ﬁb1f BO 4y < o 3 370,

tp+]
(ii) My :LP — LP

Mp D Morrey Z2[H]_E DA FEIZ B9 2 AREMFEIX [10] 12 & D RS,
Proposition3. 1 <p < py <ol UT,BeB, 95L& My: M - M.

— 75 T, Cruz-Uribe, Moen [4, p.428] i& My, : L? — LI I3 D SL D72 D+ 53 5&4F %
BE ZTNVBBRBELZUETHEDDZ DRI L>TRE N,

Proposition4. 0 <a <n 1 <p <2, !—17 -2 &35, ZDL E, Young function BI\ZF
T HIRDEMILFEMETH 5.

1
q

q
B(r)» S o
()pdt<oo75‘b*2p)i’).
l-q+1

(i) B € B, &3 TEREHC > oc:im,ff

(ii) (o Mo f(x)dx)" < C ([, |f0lPdx)".
IRDFER T Adams DAEX D) & LTHISNT WS,

PropositionS.0§a<n,1<p§po<§,1<q§q0<oo,q—2:p0—;—’,i:%<‘:3‘é<‘:,
My e MY — MY D30 32D,

2. Main results

Proposition BlIZ & 1F % ERFHFEEDFE R A O 1D,

Theorem 1. B % Young function £ U, 0 < p < py < o0 \ZX U TIRDIK AL T 5.
1. p=1<py D& & Mp: My > M, ZZ T, D(t) = B(t)log" .
22.0<p<1DE&E My: MY > M.

Proposition B Xf 9 2 FERIZK U T M, & Mg, \ZHRERS 5. S o127, FESFEEUCEE 3
HAER S5,

Theorem2.O§a<n,0<pspo<§,1<qsq0<oo,i:i—%,qiozﬂ<‘:’§"%. X5

q0 po

\Z, Young function BIZXf L C, D(t) := B(t)log*(t) £ § 5.
(i) p>1,Br €B, T3, My, : M — MP.

(i) p=1, DO s (=2 1) 2T BE, My, : M — M.
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(iti) 0<p< LByt t>21) £ 92&, Mg, : MY - MY

Theorem2IZ U T, IRDLHIZTAHILELAETH 5.

Theorem3.0§a<n,0<p§po<§,1<q£qo<oo,ql0:i—%,qiozpﬂo<‘:‘§'5. X5

i
(i) p>1,BeB, L35, |

(ii) p=1, DO st t>1) 2T 5L,

Po

Young function BIZX U T, D(f) = B(t)log™ (1) £ 3 5.

1-2 4
q q

Moy <171y 17115 o

1=-1
q

1
< a
(M fllyg < 1ALy 1A o

Theorem 3% /R ITIFIR D E AEXDRARENTH 5.
Remark 1. O<p§po<§,0<q3qo<ool:i—gﬁv),qlo:%@&“a‘,

q0 Po

Mo f ) < If1l g Mo f 0",

Z7E 3R
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Dual of Choquet spaces with weighted
Hausdorff content

TIe PERE T (AR BELER)

1 Hausdorff &= & WE(T Z Hausodorff 8=

ZZEMRIGE TS, B(x,r) C R* THb vz, P r DKZET. 0 < d < n,
ECRMIZHRU,

HYE) = inf{ r?,E C U B(xj,rj)} :

j=1 j=1

% E D dixcHausdorft A& &\ 5. ZZTRRIX, E27E 9 S5ERDE {B(x;,7;)}
2R EDIZo>TED. d=nDE EiF HY iZIKE:EI’JL Lebesgue I & 7%
Hausdorff K= I R” DD ESIIRH U TEREI NI EEBEE 50, HIED
MWED S b, IEEZ R0 (BINERN & 78 5). TO &S 7 IE IR (263
HIEDDHERITNA VA D DD, —fRIZR® DI DEESITH U, FEEDELZ X X
BAIENMEMEABBCIZH L, M ZIRD LD ITED 5:

- f(z)dC = /OOOC({x eR™: f(x) >t})dt, f(z)>0.

FELDFES DREFE X Choquet B4 & FEIXV 5 . Hasudorff K& Z DFE7 1% PDE ¥
ATy vIVEmllZ < D%z FD [4, 6, 7).

RIZ, w = R™ L@iFﬁ%ﬁﬁTﬁﬁfﬁiﬁéﬁTé. TN % E (weight) L IEXR. £
7z fpw(x)de = [E|7" [Lw(z)ds KT, TDLE,

o0

HY(E) :=inf {Z 7’?][ w(x)dz, E C U B(xj,rj)} :
B(zj,r;)

=1 =1

% E O X BN & Hausdorff B & W 5. T, fEfT & Sovolev ZE[H W™1H(Q)
DEBOBAES Z R BEIZHWSo NS 5]

— M DB TR LT, ( &Aﬁﬂ@wl<p<m>@/wAk&%EVCﬁ@
ARERITEBUG D) 2, it ZED B e N TES. 22T, AV T bNEERES
DR Cy(RY) ® D& I /LA ;5mﬁm%LN)tﬁ¢ N

T, LP(HY) OB ZEM LP(HY)* 2 RET 2EE2F X 5.

UF, ASBTHAIEHCIZE->TALCBENITAZLE2EKRL, AxB%
ASB?»DAZBDODIEEED, AL BIFHEATHE (comparable) &\ 5 Z &1
75,

!The author is supported by Grant-in-Aid for Young Scientists (19K14577), the Japan Society
for the Promotion of Science.
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2 Adams DiERE T EIE

FTROACERTS. ge LV(HY, I/p+1/p =1(1 < p < o) XL, F, :
LP(HY) - R %
Fy(f) = A f(z)g(x)dH?, f e LP(H?)
LEDBE, FRFRMEERONEBTHE e bh 5. £, EEGMNED
Holder DAFERD LT HZ EBHoNTHD,
[Ey (O] < cll fllocaallgll o rray

LHOALD. ZOZEnS, FXERTHS. 7278, HHIZ & % Choquet FE57 13—
IEM % Rz 72 WO T, SEPRLER L 1372 5\, Adams 1%, LP(HY)* %2 IROH
& D Morrey 22t & U TR 1T 7=,

E&E 2.1 LY 25 & Radon #lfE u DEAT,

Map(a) = sup B

r>0 Td

Zii7z3HD LS. TNk Morrey M EIPE [1]. £72, || nlly = supgern Map(x)
LY DIV L EEZS.

€ L™

EIE 2.1 (Adams [1]) LY(HY) ORCHZERIG LYY TH 5. BRI, F e LY(HY)
2 U poe LY 256 &8 5 R RAIE EGBEEL, [|F|| = ||, 230 32D,

Fe\ T Adams 1 [2] 1IZBWT, 1 < p < 0o IR U, LP(H?) O X2 [ 1,
/‘M@Yﬁde<a3

£ 725 X957 Radon I p 2K CTHREOII A ZENTELZ L EZRLTWVWS. 2
LI T,

el = IMapll Logrre)
EEHFELIZE EZ, AEDOEN VLIRS (ZALRERITEHNDL) 2 i
FEEVPBET, [—FIXHEMIZ 2 VA2 e UTORBEOERTIZRN. TD7H
ERDESREVELZ LRITNIER SR o7z, DUF, Adams DRt 5Tl RN
EEW o725 2T, Addams D LM IZR 0B F2EAL LS. 1 <g<oolZxfL,

L%% := {zu : Radon JEE, ||, 4 < oo}

CEDD. L =LY 295, BIFEOEBDOLIIZ, IV IVAZERE L BN
LP(HY) DAFZER-NZDWTIRD L SRR B Z e N TE 5!

T 2.2 (Adams [2]) LP(H?) OBIZEMIE LYY TH 5. EfEICIE, F e LP(HY)
U e L %I X 8 B R BSHRE S GAMEIEL, ||F|| =~ ||ul, 4 B30 32D,



ZIK?EE('&O)‘IE_i Adams OFER Z M EA) Hausdorf RE T § 22 & ThH 5.

T DD, HEDFEN Morrey 2 ZIRD K S IZED 5.
F 2.2 WO MENSARES Z

My () — sup i LB
r>0 JCB z,r
ERED,
Lp? = {0 : Radon W, Iyl g, = | Moapl i < 00},
Li* = {p : Radon B, (1l gy = | Muw,aptll acrrgy < o0}
CEDD.

AED¥EfFEDE & KRBEIZH T2 EEHIZIRD L D127 5.
EIE 2.3 (in preparation) 1 < p < oo XU, LP(HZ) OXFZEfI%, Led & [H
—fHEI N5, JIVLDFEEMITER A HED E ﬂik’C}J*ZD NLD.
3 EHA

ETp = 1DEEEEZDL. BHDOYEEZRS L, Ll(Hd)mS(ﬁ Sfins, HE D
Morrey 22 ﬁ%’&ﬁf%ﬁ%\zu RO N A U E4E E ViR o YART S

Fik 3.1 EED pe Lot izxf L,
Fu(f):= [ fdp, feL'(Hy)
Rn
EEDDBE, F, e LNHL) THY, D ||F,| < ||[Myapt|lp~ DEED LD,
Proof. F ISR TH 5.

RO [ 1= [ 1> e
X0 BRIz E %
{11 >t} c | Bl ;)
j=1

&g,

ul(1f1 > 1) < Z B(aj,r;))

B 1

Z ][ wdx (rf][ UJdiU> |l (B(xj,75))
=1 B(zj,rj) B(z;j,5)

< WMapll~ Z it

B(z;,r;)
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Y755, LENST,

[l([f] > 1) < [[MuapllpHy (| f] > t)
and then

()] < ||Mw,dﬂ||L°°/ Hy(If] > t)dt = [Myapllz= | |f|dH}.
0

R'Il

IR < [Mugpllee EERLTNS. o
F5R 3.2 LD F e LN HY) 12 U, p e Lo AFFEL,

F(f)= [ fdp, feCo(R)

Rn
D QRVASH
Proof. F e LYHS)* &5 5. Co(R*) C LY (HY) ITHER LT, Riesz DRILEH &
v, Radon I u MFEEL

F(f)= [ fdu, feCo(R)

Rn
MK OSLD. F e LNHY) TH5HZ LIZiHEELT,
[ECOI < NFN g
—H, MR D ¢ € Cy(R™) T,

[ vl < [ 11ai

:sup{ [odusoe o) ol < |w|}
< sup {[F N6l e, < & € Co(R™), 6] < |1}
Suﬂmwbwﬁ
EIBDT, p EUT, 1pun(y) < P(y) < lppo(y) 272 3E D% NI,
W(Bla,r) < |- (r + s>df wdy

B(xz,r+¢)

PMERED e >0THYILD. £oT
[ M apil| e < [IF]

BRAEMN, TNE pe L 2EHRLTVWS. g
RiZp > 1DEEEHERT D, F e LP(H) 295, p=10D5ALFEKEI,
Riesz DRILEH X b, Radon HIE ;1 T,

Fo)= [ odn 6 Co®) 0

72T HDPFEAET S, WBEBITIZE D, FEEGREE IZF LU THEDILD. IR
iR L.



Fik 3.3
[ sy amg < 4 [ (o™ dl ®)

COHHIZZ ZTIREKT LI I T, 2B RS NI+ TH S Z & %3
T5. ¢=(Myau)’ ' % (1) ITRAT D L,

[ty <10 ([ (08 ar)
R R™

_|IF| ( [ o’ dH:f,)

(2) &9,

hSAl

[ty am < a [ oyl < a1 ([

780, TR | Moy,apll o ey < Adl| F|| 2 FEERT 5.
W2 RESD. OibueLPdé:b

o a1

n

F(f) = [ fdu feLr(a)

Rn

LD E FeP(HY) &35 2% RUEV. BISDAIETH 50 5H 57
ﬁ%v#-@@zﬁﬁg?bM5

T3 3.4
[ odu<a [ oMopdis, e Co®).oz0 3)
Rn Rn

FRE, HUIZDOERIRIND &, Holder DAEFERKL D,

/ asdu] <A [ OMyapdHE < Al ooy | Mol e
n Rn

Ln,
IEN < Al Muw,apell o 12

2135, LEOFEERIZ LD, FiE34 2 REIE LV, L WS OH Adams 2] DT A
TATTHD. LU, 2OFmXITED FR3AIZITHO VD LML H LI &
FEEEO U HICERZEY THD. T I T, TOTRZAHATE72D07 1 T+
T &G LU TWRD o 720, mMEBRWGE ’Cﬁkﬁk TRAR B

PATRZEER 2 ST TR DI IZ > TWB D, B8 TH b, REZ2E W
ICMEBEIZ RN e 2 ERELTEL.
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WRE 3.1 UMMV o MBS T, U2 WET 2HEBED 23 HAD
H{Q;} T, AWIRH ST, H(UNQ;) ~ 0(Q;)* WMERED j THYLH,

Y UR)'SUQ), QeD (4)

Q;CQ
72 EHDNELET 5.

Z O, AR MU & HETHIS & SIEIINSHEIX, —D—D
DMRD D DRID 72 WAL SR TRERL S 11T\ T, packing condition & XN 5 (4) %
723 LD TEDLWVWS 2. ZNITXD, BHPRRIEN (555 13 AT BE D =
RT) 2RO EWRINSG.

¥3e>0%
/ bdjul < / Sdjpl.
{¢<e} {p>¢}

BT oI k=12 1ZRUL, U, = {¢ >ck} & U, WiEDLKM: %72
T{Qu,;} BER. T5L,

Rnaﬁd\ul < 2/Ul<bd!u\ < 45/[]1 (; 1Uk> d|pl
|1 (Qr)

<de Z |1|(Qr,5) = 4 Z g, U(Qr)?, Apj =
v v U Q)
& 72 %M, packing condition 2* 5 &1 5 LEATRENVE & | FHFHME (comonotonicity)
noffFondirtic Lo, A

~ 48/ (Z a/kyj]‘Ukak,j> de < 46/ <Z ]‘Uk> M)\,ude <4 ngAude
R \ % Re \ 7 Rn

AN
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AV 2ZRMERES =2 —F )3y NT—2I2k 3
T — R R

AHHBW  (JLLKRIERT)
Ak (JLT RN # T2)*2

1. (ZFLC®HIC

AL TIFBRBEOBEE TV 2 AW ERERE N R T — X PR RET 5. 5
REJHMBIIHED 0 FEH T, TNEFHANIZGEZ6NZT—ZANDOHTITE D1 &L
BHEEIICEE U CETIVOREZRZITOEDTHS. AMEOHMIZINE TITRE
UTCE AR I E TV K BHEEHN T — X RN FIE B E O FEZ LD A
NBZ LT, NHOEfZ2&LEROT — X FIEEHITAZ L THL. BRI
X, I NZETVOMIRPARETH B &\ D A U AREARRES B E TV DO ERT
B UIZEE, —a—I 032y NI =2 DEMTHSBT —XZRIUHET 5 Z &< HE)
THEEPTEL L WHREROLRFZEHN) Y 7 OMAMAZHAAN, T HIZZNED
NY I OO RN RN R MIIAE DO E k2 BERT 50 EF - HER %2175
IRERRRIRBEPYIRETE D, R RZBIHT — XIS ML TRI N2 HHEE
x = (21,79,...,o5) ERN LHMZH y c R DMl (z,y) TH 5. BlllT— 2 DLH1E
LNTHED, TNZEHWTHWNER y Z2IRETHHIET I F(x) 2HELZVWE TS,

2. AED ZBGRBELETIV

& 1 (AEDRBERELETIV CL[L]) NEOEED S22 55 HEROM x =
(1, ZTpy o yan) €0, KN 0< K <00 % Q={1,...,n,...,N} LOB#HKE7T5.
A AREARESETVIZIRD LS ICERESINS:

Flx;w,®) = Z wa <®xn> = Z W <®h(anxn+bn)>.

AeP(X) neA AeP(X) neA
Z :_VC‘, P(X) & X@%Bﬁj\%é\éﬁg, w = {wA}Aep(X), Egﬁ h Ci“/ﬁ%’f ]\Egﬁﬁtﬁ c‘:
D &S R [0, K] (ERE CIEMELBEE L IEIEN S . @ IZ2HEEL S HRICESR
ENDEYBRLIHFA, 72720 Qun =K TH5.
nel
FR 22 UTt+/ NVADESBBITAEMOEBZMHT S L, ARV I VIEE
ERDOZEDD o TWE. RERMNZEFHNIE min HE, H 25 W IRER (K =105
BB E LR 2) THD. Hl2IX, Q={1,2,3} D& K=12 LT MR
BMOGEDA Y AREABREAETIVEEZE RT &
y(x,w, x) = W{1}T1 + W23 T2 + W{3} X3 + W{1 2} T1T2 + W{1 3} T1T3

FW(2,31T2T3 + W{1 2.3} T1T2L3 + Wy

%%, 2F0, REMOGE ZLBEHEZMA ZERROFICHE L TWS. 7k
U, HERFEOFTHWS NS X AFHHEOHEIREM TR R BIHIIETH L~
DERE I IZ[A U Tz,

1 T 820-8502 ] UL AR 7 117 680-4 UMl LR 1 L0
e-mail: aoi@ces.kyutech.ac. jp

*2e-mail: tsuyoshi.okita@gmail.com
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B 3 ALY AMAREANE T, £, = hlanm,+by,) &35 & BN o 7 5K
D& SR U T HERBHIHLIIANR Y PV 2P b ELS Z 21295 27 = (Q,e4 x’n)AGP(Q)
= (Ka'fhf% ce ,.fN,Zfl(X)ZfQ, .. ,.%/‘N_1®.%/'N,l,’1®.7:‘2®.7:‘3, . ,1/31®' . '®.fN)T CEAXRT K

Vw = (wA)AGP(Q) = (w@7 W(1}, W2}y - -+, WIN}, W{12}y -+, W{N-1,N}, W[1,2,3}- - - an)T

E35L Flzyw,®) = (x", w) LNETRHETES. D £, 222, £EL.
BT —REZHOCTEANZ Mlw 28D 5. BT —XEE51F MMOBIHIT— X
57485 (N +1)x MAT8], D = (T, ym)M_1, 2 € [0, KN TH 5.

(i) 1Ef#EZ SOV S D DRPEMET v, € [0,00) &F 5. ZHEEFEIEEN S HET
H5. BT —2IIE—RIZ) A ZXADBEENT NS, ZD/ A XH N(0,02) IZHE D il
REWTHD LIRET 5.

= [y17"'7ym7"'7yM]T7

)
. T
w = [wg})w{l}?”' ,U){N},UJ{LQ},"' ;w{Nfl,N}aw{l,Qﬁ}v"' 7wQ:| )
T
T T T
Koo oy Qa0 Qo @an o Qi
ne{l1,2} ne{N-1,N} ne{l1,2,3} nefd
— K Tmai " Tm,N ® Tmmn ® Tm,n ® Tinm ® T1in
)
ne{l,2} ne{N-1,N}  ne{l1,2,3} WISY)
Koo o Qo @ onn @ Qe
| ne{l1,2} ne{N-1,N} ne{l,2,3} ne ]

e e, RERE L(w; D) 2HmKRILT D 0w PROLEART MILTH D
w=(X"X)"'XTy,

TEOND 2. Zhd A
M
Esp(w,®;D) = Z [Ym — (277, w)[?
m=1

ZER/MET S w, D DEBR/NZFETROZEANRZ L arg min Egp(w, ®; D) &%
w

—¥7 5.
(ii) HINZB y O L 2MEIXEIPERDOEL S0 DF D 4, € {0,1} 95, Zhik
SEMEEFEENS. OV AT 4y ZRIFET NV EHANDS &

N 1
ym—p(y—llw)—F(w)—m

Thbh, TNEEI e KRBDt%




EL7ZbDTH5S.

1 Ym 1 1—=ym
I = }“wm)::(1+e4wﬁﬂ») (1_’1+e4wzm»>

= Um " (1 _:’Qm)l_ym

LHERELDT, LEREBUL

ym 1_:&771 1 Ym

::1:

L(w; s, ynt) =
U 725 o TREO RS B U
log L(w; yy, ... yar) = Z_ {Ym 108 G + (1 = ym) log(1 — Gm)} -
ThY, i LHEEL U TRKDZ w 7oAy o —

M
Esop(w, ;D) = = {ym 108 Gim + (1 — ym) log(1 — i)}

ER/NMZT S w, DF D arg minECE(w,®;D) IR d 5.

(i) 22 7 A8 &7 556120, BZERIZ KRou~2 bV (K132 5 28), Y
{ym}m 1= (ym,la"-vym,ka"-ayml()m 1156@ %&EWT &O) ym iEﬁé?‘JXO)ﬁJZéj\
B 1, FNLSDEAD 0 THB. ZHILENST A= ZDUWTHIE W = (wy)l, =

(wA’l, o WA, - - ,wAVK)Aep(Q) & 71'&? D y é&IE:E 5“}1/61
€<w;€17wk>

Ume =
" Zfi L e(Tnw:)

THad. ZhiF, &7 7 ADM%

gm,l Cee e ?jm,k e e et ng{ — €<mﬁ7w1> Cee et e<m£7wk> St e<mﬁ,w1<>
EUEBDT, YSh Gy = 1 THB. K =2 OBAIZ (1) ONFEMBEICHYT 2. £
HAAA DS A E S R L, REEEUE

M

L(wky Y) = gm,l Ymad ... gm,k Ymk ... @m,K

m=1
(il) DIBE LB, ZOMBE & o A BREBRBOREERELZE DN 70 AT
vihov—:

Ym, K

M
ECE(W ® D) = Z Z ym,k log Igm,k

THOINZER/NITEZW BDRODBZNITA—XTH5.
MR A TERABEE UT Esp, Focp, Ecp 2187 5. BT — X %
FAWTHEEBBEZ NI TEINRNTA—RERETEHI L TH 5. fﬁJz /AT AN
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XA VE(w, ®) 25tH L, w) = w® + cVE(w,®) 21 TRy 7 OEAw OFEH
$T5. ZDNRITA—ROWEFIEFBEHEDO=—a—F)Vry NI =2 LEETH D, &
WERY N7 =7 DDA TH S, —RICBERFEAREDTE R Y T —27 THRE
THILEWHRETHSEDT, ALY ARMARBEAET VIZEDE TR Y b7 — 27 236Gt
U, HelE=a—I W2y T DFHFEEZAVTNANIA—REZRET S, —a—
Iy NI =284 )y 7HEHTES. M1IEG) OREIETN =3, D
F0 X ={1,2,3} DHEAEDOALY ZAMARBEIET VEMIKTZ 7 TRLEZEDT,
IhaE ALY ZABARBED 2y T — 2 LRI LIZT 5

M1 X ={1,2,3) DEADA LY AMARES x Y T —2

1R T DI, AU ARMARES Ay b7 — 27 TIR@FEDO=a—J)bxy b7 —
JERBOVETOEVAESEOI=y MEIZZ Y IDDRPo>TWVEDIF TR, —
Ji, =a—I0h3xy N7 —=2IZBWVWTHMERMZ /) — FOENE (Ray 77 o ) %
Ty VDML EIT S Z & ANESEHRIOHIE & 22 0 @ZEHG LA TH S Z A
HohTWnWa.

3. RER
REETNVEHAVTERZEHOA T VT 7 AT =22V, @HED=a—F )
v hT =2 L DIEEREZ T 7. £ 25, @BFEEPMMFI I NI VHEREZELZ &0
TE-DTHNT 5.

3.1. AT —%

B EMIEH DO Y KY MY Yo b Kaggle(Kaggle.com) @7 — XM gl E T T —
2D (524 8=y 2] B, #2085 CEEALET- 7. FRERHREOBALIE,
B Z WL DD IV —TTbid, Zh— F Bl R E 0 STz, 70— THF P8
EDE D M TIE, HINEBE OMBBREE» oS TREEVDIIZSIREDEEALD
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% 1: Kaggle DXA X=v 7T —2X
| TR | SIEROR(N) | F—&ty MIM) |
(22 5 AR | 8 | 891(FE M) + 418(MiLH) |

K2 RARXR=Zy 7T —XOBAALE & HINEL

s | RO EEEI M3
s {Mr, Rev, Major, Dr, {0, 1, 2, 3}
Miss, Mme, Lady, ...} {0, 1, 2}
T S5k { ™K, sk, Bk} {0, 1}
PE 5 {5, &} {0,1}
BOMIEM G A | { R & [FI e, Bphageh ) {0, 1}
AEAZE | F7 v MR | [0 KL, 512 RV ZDF A
HFE (Vo r Ty, 24—V X2y [ {0V Ty,
VIV T =)} 1 ZnBUsh}
HEE {Nan, C85, C123, ...} {0, 1, 2}
Frrv NEE | {A/5 21171, PC 17599, ...} {0, 1, 2, 3}
| HIZR | Efeman | B, £ ) {0, 1}

DTH5.

3.2. XY NT—=VEFETFTILDNAIN—=IRNF X —4 & REBRIER
EBIZHWZ A Y ZAARES XY N7 =2 ERRERO =2 —F V2 v T =2 D
IR DED TH D, 2-MENEIE Ae P IZHLT A >2861 ws=0 &

* 3. KRR

| | FEOEER | A0 EER

—a—I0Vxy b —2 | 3EENE 2551 0.89 0.76
3 ERRAJE 36 1 0.87 0.74
A Y ARG RFE S —fRDGE 0.84 0.77
Fw N —2 2- I D HIBR D & 0.84 0.78
BFINE & 2- MR DFIFR D & 0.84 0.79

L72EDTHD. %Y VT —=ZFTNLNTIENRTSE2=y M 2HIBRTNWIXEBFTE 5.
Z U, B AW B IENNERRIEIZ D B WIEN S 241 728 DIZHNS T 5. 72
HIIMEE MM 2 LIHMEEDAc P(Q),i € QT LT
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F 4 FEBOXY NT— I DEADPSEHBLEZY Y T LA 1HE

s | PER | BSHGRAR | e ik | SRinklE | SR | EERS | FU v RS
0.15 | 0.20 | 0.27 0.04 0.12 0.05 0.02 0.12

72T LI, NT A=K w ZHIRT HEDT, TIITFESITH N D IENTERHIE
DHFIMESRM 2723 Z L ITHYS T 5. HERD72DICHVWZ=a—F V2 y R T =27 D
BRNEOMEBIL, TNEN—HED ALY ARIERTES XY N7 —2 & 2-JINEH A T A
RIARES * Y T =2 D=y b DEKE KMEDEEZ EbEZbDTH S, ¥
OB, (1) % (i) ER1ICRT £ R ALY ARARES Ay N7 =27 ETILOH
HEZ1EHEP LY 71 NERPY 7 b~y 7 AR XTIy N2EINTEZ
ECHHICHEBTE 5. SMZ 2l HEMETH 2O T, O8Iy 7E1 NEEZE
MU7Zz. PEOEERIL ETIVOFET—RXADYTEEVDRI (74vT 1V IF
) ZRLTED, SEIE3ED=a—F )2y N =27 ETINOENE 255 HD5E
DD 74V T 14 Y ITREEREV. MEEOEERPEFIZAVTWARWT—X 2 HW-
WHEHETHY ZNHNETIVOMREEZRT. MEEOEERIIBEET IV THEL ALY
ARIARFE S 2y 8T — 2 DFinE L, —BDGE, 2-IER, M L HIRZ2 @< 35
EEMGED EERDVE L 2> TE D HIEARVIEEBZFEMIH I N TWE Z 223D
N5, Za—F)3xy M7 =2 3FEHOEERILE NN, MEED IEE RN @FHMN
BZoTWd. AAR=y I T —RIIMFET —RDHETD IV RT3 UDHES
NTW5., BMEL 2 MEE2M5 L2 DDTF A MEER 079 13V RF 143y
DEMI0GIZABE VWS ETETDELZRTHS.

3.3. FBRET I DER

FRBDINT A — RPREDT W IENNERRIEE (A 3 5 728, a7 feidz 3
LZENTEL. PIZIZIEIERRIERS VY T LA 2B T 25 Z & TRHHER
DHMZEANDFEEENEHTES. Yy LA HIZARY NI — 2 DEADPS

di(w) = Z WA

A>i

TEHETE 5. SENIMR, BHEMPE PP EFNDFEEDREH N b o7,

4. SEDEFEE
OBRBESZRMHALZR2Y N =2 ETILVOREL T — X2 X 2HREFEBRER 2 BN L
2. MEETIVIGEZFEI RSN, 2P BOXY VT — 7 OFIRAHER % v b
D= 5. SHBOREIIEGR T — R EDERTDT —XADNIGE, &b 7%
2y N7 =0 DIRFIEZRETHILTHD.

S 3k

[1] A. Honda, Y. Okazaki, Theory of inclusion-exclusion integral, Information Science, 376,
pp- 136-147, 2017.

2] AEHB\, ARBAEELE 7L & 7 B2 0T — RN, HIAE & 159 (H AR 7 7
4 Sk MBI, 30, (4), pp. 183-192, 2018.



Pant&490 OHLAR & BFRAIREE
RKaAKY  tEHEHTHR
HMITERY KH HBWV
Ty AT LR R R

1. IFC®IC

BEHAE &3, ERETIR0 L2212 5 DORABKT, —RIZINEN 257 X
W, HEHHIEICBET AL, SEERINTVWEN([1, 2, 3, 4]) —ficixEnd
DR D SL72700, 207203 H 0, HIE R BB 25 1) 5 BARKMEEL Z
T HHATIERLS RS, TOHKMATHLH MR EHIZOVWTE, ThEh
FEFAL BT HERDH D, BEE TIZE K OIFFEEIC L DL RHERPES DTV S,
HIHHEZHAIE 220X TIZHITTEZXS, =2 a TEDPPEHTMIOL S
M FHWTER T D (MR | 5 — DI HEBOEA M Z W TESR
INs (REE] TH5, FHMIREITHET 203, THOMBEABIL] ORMIIZOVWTIE,
VFIE— A BRI /A PR E B D > TWVWd, TSI DWTI, JMEKIZE
DEEI RS AR I N T WS, ([1]) LA UAEIBEIORSIIN LTI, BT IF2S
AT 2% XA TORED TIREFHBIMDGR B D AN, L SIS 25 X1 7 TIEHHE
BRANKEHD ADRINTWBEENL N, £z, THU5 O IXIEDE % E 5 B
BUREINT VWS ZLEH D, TERITITNFRME (BHE) DD > THE 53, £H
RIIRBETH - 7=,

ZOWETIE, PanHAODEHRZ, HOMBED 5 5HME TIRL, WY 725M;f
DO T CHFEMPURE M Z R U, ZOMODERIR, F52EA5Z 8 TSDEDD
PEERIZ 2 D, ERICHFMEEZR DL S ICm o7z, TS DOED L, ARMOEEKZE
HWTREHESI NG 728, Pan M0 OHRDBEBUL NIZAET, SDRD OHRD B L
CERTH D, T I THEHE, WTRANIZHGRU 72877, PanBid2EHRL, TOM
MU TH, HFHEIMPORER 2R U 7z,

Pan 84> O FEBA N EHIZ OWTIE, FIEMECRMEEZMZA2 Z 2 TEO+4
SMeEZD, ARES EOBITHEIZIZET S -NERHEIEE X, A Y7 2Z8H 2\
SEMRES EOEABRBUIET 25 X 2V 7-012, FBEEABAIATIZ RV, Z
2T, — Moz EOBRFIREIN U TEOMSEIET 5, k- NERHIE
BL T, Pan B OBRFHPDNRERZ —EDFRMEFTRTIENTE S,

2. BEARIE ETFED
2.1. BRI E 2B
(X,B) 27flZEfie 3%, B EOELEEBIIRLT, BEHRREZ RO LS IZELT 5.

& 1 (X,B) #aJ{llIZEfk], p % B LOBEBARFRETH S 1%, REeHmZTI e
T 5,

L. p(0) =o0.
2. AC B= u(A) < u(B).

BRI S — M IEVEDS K O S 72700, ADREIBIZE D S € DX, BARBIR Zlid
THEAGHEBOFIIE, MEEDPKD L7220 DRH D, T o % REEIZ TN E
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FRES EOESGHEBUCHRIM T 5 & &, —BITIEBRESITNT 2 kM2 Rz Wi
BGEBEFAWEIBENRHTL S, IN6DELIE, TITERINIEBUINT 554
BiHii 2 52 272D ENPDEN 2 ZEZDBEIEENTEZ, ZOWETH, &
HOMD 2K,

2.2. D HEAHEES

AffIZEE (X, B) EIZEZR S 5 BGRHIE o L FEE IR £ iaxd LT,

p(r) =u({z: f(z) >r}) ZHAEEK LR, ZORMEKEHAWNT, RO XS ICHES
ZED D,

ch 00
/ fdp = / p(r)dr (Choquet F&473)
0

fdp = suprAp(r) (EEHED)

sh
fdu = suprp(r) (Shlkret f&43)

ZNHFEDIE, DAL XN S,
2.3. BERENE
DB TR VWS OL IFHREBICET 2 HEAMZ TICTEZ2EDTVWS, D
HEBOI D A CHEEPERZ7-OZBEOBEAVNERINT WS, T O/NEHITIEAR
HTIRT 25D GO THEBDOEZ Y 2D,

ZOWMETH D B, BABTIEIRSBELESEDORTDIDEEZVTHY, X
OFfEZEZ 5, T ZIZHBEE 22 2=/l (X,B) THhD LT 5,

S = {(aw, A)i

S = {(ar Aj_y 1ar >0, neN, {4} CB FHWIHE)
S, = {(ar, Ap)j—1 , an € R, n € N, {A;} C B}

Si = {lan Aoy + an €R, neN {4} CB FHWIZR]

*

S. = {(ak,Ak)iil ) laklu(Ay) < oo, {44} C B ‘ifww:i}

k=1

— DDHBE ¢ = (ay, Ap)r (T UT, BHFHHIE 0 2B 5EARMZIRTED S,

() = Z app(A).

k

o ZRBE LTHAS L EI3(EFDOBRBEED LS 12),

gO(CC) = Z QrX Ay (ZE),
k
EREDD, 72U, HFHIEIZIEZRISIEEERwo T, e L CHEHUTY, R
AKHIDVERIUTH 2 LIEE SV, ZOREWNRT, HEEREIZELE LTlde 52480
TSR,



2.4. DEIRIENRTE
BIMIEZER (X, B, u) B X ORI f, EETHIBEER fF PEXohTnd L &,
MDES IR ZEET S,

/mnfmiz sup{(p) s p(z) < fH(z),p € '}y Panfis) 1
/mfmiziﬂww%M@ZfﬂﬂweS}SDE%1
/mfﬁmtz sup{p(0) : o(z) < [H(x), 0 €S} MEFH 1
/méﬁwéziﬁwwww@ﬁaﬁ@%¢e&»&Eﬁl
lmﬂﬂﬂzz“mww%w@kéﬂ@wesﬂ Pan F{%) 2
lwﬂw-—ﬁﬂM@rW@Zf@%we&}SDE%Q
[meM: sup{p(p) : () < f(z),p € S} M) 2
[WaMM::mHM@iM@quxwe&} A 2

pan
/ fap = sup{u(p) : p(z) < f(z),p €S,} Pankisr 3

NS, BEOBEDIINLUTEE2LTWS, BY 1 I3AKRIEABEBUZNT 2 EH
T, BRI S,S EHWEEDE 572 (5,6, 7). INE S, S, ICEZXS LT,
FE5Z2—MbL72EDTH2E, TOXIITELT DI LIZLD, Panfisr2 ¢ SDFES
2, MFED2 o MBS 2 DEARIE, FEZANEZAEZ L THVWORMIIHRT S Z
LIz b, Pan B3 IEHBEEEZTENIIZZZ 5D TH S, HEKIAEREOES
i, #FE BRI Pan B MRS DEE FIZER, SDESPMMESOSEIE EICE
Rl o X3 %280 hotz, ZOEEIZLY, ENIEERGBEBEZLS Ze N TE
5551257,

3. EEDINREE

3.1. P HEAKEES OPREE

AL DORE S, Choquet FE7, EERS, Shilkret B IZDWTIXIRIZHAN T S
FOIT, WSRO N EFM /HADEHD, KD Lo TWwWd, Ths DMHEIC
DWTIE, & SIZFEMAMRT E B RIZL DFARSNT VWS ([1)) 28, ZoO#HET
i, AR TN T 2MELEED ZIRDEHDAIZE ED B,

FETE 2 A B R e B
p % N ST B B IENTERIIE, FEEATIBIEG { £, nen 23 2 FEEATHIBEEL £ 12
WHUT, fo N f 2&ETHETEDETE. 2D SWAKD LD

1. fCh fadu 2 fCh fdp ( Song, Li, Wang)
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2. fsu fodp 7 fSh fdu  ( Lalesca,Adamus, Wang)

8. [ fudp 2 [ fdp ( Zhao)

EIE 3 HFHIANRE B

p % ENERHIE T L o i (A EEFIOREIERTHNIEX Er S O
MDD 2 ) Zhil=3 &9 5. FEETHBIEI {f, theny D3 2 IEEATFTHIEE fIZH LT,
fo\(f ZERTHEZTEDETE. ZDL IRV LD

LM pdn<oo = [P faduN SV fdn (Wang)
2 ™ fudp N [7Y fdu ( Wang)
3. fSh Fadp N\ fSh fdu  ( Zhao,Kawabe)

3.2. PEIRFE D DINREE
Pan F&43, MAEDIZEE U TIXIRD & 5 2 BB INICGR @ HE AR b 37D,

T 4 p 2 N o EMTANIIEE & 35 . FEE T HIBEEG ] { £, } AIEE AT HIBEEL f
ICHFEIN T RIS B & & (f, N f), IRDED LD,

pan pan
/ fndu// fdp asn — oo,

cav cav
/ fndu// Jdp asn — oo,

ZZTHO DI, JFEABEBE OB E U, Eeld 2 B E JEA DT LR
ZHZTWA, ZHUIR LT, SDFES 2, MFES 2 1203 2 BEHRARER X, R
DIETHEZONT Wz, RNIFERIU LS RZA 50, FEREBIZLTWERET, &
FARA P EA 5,

5 f, \f 273 oS {f,} & aHIBEE £ 1Tx LT, IENERIIE 1 A3,
b o S fEiERE, NS T, de frdp < oo, ( fvex fidp < oo > BT L, RN

%D LD,
/ s / * ( / RPAN / - fdu) .

BB AAERNT, FRIZCEOBEOVEREINTWVWDEOT, BOVERIZRD VD
SR, BEREEWRT S, b EIHEADEBDI NS LDOT, TGS ETNIZ—FE
R 2R ->TWBZ iz b,

4. R L =B 0 DUIREE
4.1. F5%=—MKR1L L =158 DIREE

BEIBCCIE BB A DIEZFF 385G, IRD K 512 Pan H2 MIELZ) O B INIRE
ARSI ENTE S,



EIB 6 1 & TS MEE R IENNEIBIE & § 5. ARSI {f,} HSIEA TR £ 1
YIRS B 2 2 (f, 7 f), {f.} BFIRARTHNE, WA L2,

pan pan
/ fﬂmf/ fdu asn — oo,

cav cav
/ fwwf/ fdu s n — oo,

ZOEBOEMTHE [FIZER] WO MEIL, TroBIX2HBEROEFEELZE
kg5, £/, MEEELZXSHZLTLIZERLEEGED SDRES, MfEs O HIFREANER
EHLE AR D LD,

4.2. ERMZ5F L 71355 DIUREE
BB E, REANZEZ 7256 ARO TR D LD,

IR 7 p 2 N o IENERHIE 5. aIEES { .} BIEATTHIEEE f I
BRI CE SR T 2L T2 (f, S f). 5 08, LT, f,>p, VneN
DR D NETIE, IR D LD,

pan pan
[ a7 [ asns o,

4.3. HERHY k- IERRIE

ERRES LOBRPFHREITN U TERI NS -INERHIEX, A0 AL (KEK) % H
WTERSINDD, —MICIERB LRSI L TIE, £ I o8 L BENE &
2H A%, BRI BT, ROEGHEHFZED S, ATHIZEM (X, B) 12 LT
XU =y, 29, 2} CX iy F oy, i A0} LEBEL, ZOZMIE, EREERFIO
[Fl—# (BZE) IS S 5 o- BBz E A, fllZEHE TS5, £z, Ae BIZHLT,
AV = oy, 29, .2} CAia; £ xp, i A0} LEDDE EORERTHRIES IR D,

EFE 8 WHIZERM (X,B) EOHFME 1 A, WM -IERIETH S &1, j =
1ﬂwwkKﬁbemL@%NﬁwﬁﬁﬁbfmmziiMMAm%ﬁk?lt
tj—éo

Fop; FFEHELRDOT, p FERECHERZAEON THOoDLINDFHITRD, HFHH
EEUTHRTHD ZLIZR D,

4.4. Pan &5 O BRIV IR EE

Pan FE X U T, BEFBAPNEERIIMBIR 5 /2R T LU PRI N T WAy, B
T, pu BHIMENTH 254, ROBEEGIA 012 & MIUT 25412 [P o
SOV THIE AR EHARINT WS (4]) . ZHITMA TIROEHE2RT I L
MWTE 5,

EIE 9 p ZFERIZR L-IEERRIEE &35 . aTIBEEG { f,  DSFEAmTIBEE £ 1Z By
MTHEBPERT 2295 (f, N\ f). 5T, fi,fan=1,2,..) B—FRIZER EAM >0
st |fil, | fo] < M, VneN) THIUTIRDLD LD,

fmnmwxlemm
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o- AR IZ B3 2 A FUNRERI, A ICEBICREMIZHERET 2 Z 20N T&E 5.
DEGED, AFEOERPTERIZRVD, TOHE BN ML, HFNE 4
B SRS METIZRL, Y | BT A MICRD, Ihend p TS
HEELTEHX2DIEBRHB TR,

5. £&8

— iz, BGHHIEICEET 2D E, EFOIERNTMELD > TRV WEDTHS. Z
NWIEDAREBTITELUZE S5 REDT, TNETNIZZTNE E D AT 50D RIEIZ 722
5. DERIOBES TR, TOWMETEHELLZISICHEREL2EMTLZ LT, T2
ELT 5 Panfésr, MBS & ED G fld 5 SD S, M7 DR 72 i % /E 5
ZeMTE, UL UIGREMIZBE L CTIIMEZE DL ST, FAROYI L2 — Iz 1355
NTWZRW, TR U T k-InEd %z JEsdvbd 2 2 & T, HAADORER DO+
ZMEBBLIENTE ., PROVBVWEMETIEHZD, ARES EOBEFHAE T
TEGZD, BIEEPEINEE  Wo 2B L T, —RNARREE XS 5
CHERBIENTES. 51, ARES ORI %2 AW, Tz E#nrn
WX EIERRIEBHRFTCEZEDEEZITVS.

SE R

(1] 3% %, RS OPUCRE M O —IE XL, 26 56 KGR - BB & >
VIRYU LS, pp.35-54, 2017.

[2] fEHsER, AHD B\, WEEH, JE0 MBI T 7 ¥ ¢ BB 5 e B, SO AT
WFZErT % 258% 2112 [IERREARNTF: & (AT 2 DB | pp.134-140,2019

[3] tEHZEE, AHD BN, MEEH, IR HFEREIC X 2 9588 & SR e BRSE M fr
FYURY T L2018 WA, pp.97-102, 2018

[4] fmHsER, AHDH B, MEHE, 728 IERTERE 7> QIR E L (R
ARHIRENEHR 7 7 ¥ 1 F258)Vol.31,No.4,pp.108-115,2019

[5] Q. Yang, The pan-integral on the fuzzy measure space, Fuzzy Mathematica (in Chinese),
3 (1985), pp. 107-114.

[6] E. Lehrer, A new integral for capacities, Econ. Theory, 39, 157-176, 20009.

[7] R. Mesiar, J. Li, E. Pap, Superdecomposition integrals, Fuzzy Sets and Systems, 259,
3-11, 2015.
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TxY - A VEOFIANIZEIT S
Birkhoff 1B 22 M D 22 5 FR 512 D W T

A &K (RAEHERER), NE EA (BB, mik &8I G R)

1 FX

AL T, Birkhoff BERMED BN MEIZ DOWTRAS, Bz, 74> - /A<
D HTR 2 Mz D,

NF Y NZEEORMETIE, CILV MNERNCB T 2 ERMEE2 SRR HET—BET 5
T2 T, BEWZERTBERT NVHBFRFDOTH 5 D BTG % /N N2 O i 12 4%
SMTTE Tz, HTH, HAALER O EEHEE M X B FE O ES & BIFR D Birkhoff i858
. TSI N, SRBERENFERZ LA UKIT TWLEELREERTH 5,

EF 1.1 (Birkhoff EZM: [2]). X 2 K EONF v NEFE L, z,ye X £ T5, TDL
E. 2 My T Birkhoff BT 5 &1, ||z + \y|| > ||z|| BT RTDAHZT— N e KIZHL
THALTAILZWV, o lgy TRIND,

Birkhoff 522 1%, 1935 ££1Z Birkhoff [2] (2 & D A X 1, ££1Z James [5, 6] 12 & b fi%
DEFELMEEDIE I N Z & H 5, Birkhoff-James EAR M7 & & HIEEN T W5, Hiffi
FHED S BV MERIZEWTIE, ABED»SE £ 2@ OERM L & Birkhoff [EA M
lp LIFFAMETHE Z DD B, 72, BIR L. TOEHED SEXME (homogeneity)
2RO, 2F 0, 2 lpgy THNE EEDOANT—a,f c KIZHUT ar L By DKL
T4, —AT, LplfFe A LDOHGETHIME (symmetry) ZF7z70, EEE. 3L ED
R EFFONFYNERT, Tz lpymoify Lpal PERILT 2 DIE I~V b ZE[H
LaZzwnwZ ePiontTnsd ([6]),

James 12 & D FROIRA R EEAREINTH S &, EWH, Birkhoff B2 M D3t #iME 2
DEDIZHEHUZMEIFITONT IR P57, LA L., 2005 42 Turnsek [13] 2% Lg D
RN FREIZBE S B HIHWE R %2 5 2 THh o ld. Arambasic-Raji¢ [1]. Sain [11]. Sain-
Ghosh-Paul [12] 0 BIHEMFZEIZIR % IZS AL, BIFE T, Birkhoff 22 M 0 [l Fiik:
IZTEFER R IEAN & R 2 E T TV B,

ARESIZ B B Birkhoff M D FFTRFRME & 1%, EMEICIZIROZ & 26T,

EFE 1.2 (Sain [11]). X 2K LONFoNZEE L, 2 e X T35, ZDL &, oA
Birkhoff ERXMIZBIL CTAENTETH S L1E, ye X D lpybiXy Lpx LT S
ZEe%EED,
£ 1.3 (Sain [11]). X 2 K LONF oL, 2 € X 2 T35, ZDL &, oA
Birkhoff ERXMIZBIL CTHNFETH S L1E, ye X Dy lpaBbiXe Lgy AL T S
ZEe%EED,
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ZNSIZBET A%, RFIZ 2010 ERIZA > THSZGEICFEE U, BT WO R A%
ZAMEINTWD BIRIX, [3,4, 10, 12] 22X Nz\»), 72, I~V MEM E
DEFFRICAEAZRIZEA L TiE. Turnsek [13, 14] IZ XK DIRARINT WS,

EIE (Turnsek [14]). H ##ER V)V hEEE U, B(H) % H FOESFIRIEAFEHZOL
KRBT N F v NEHE T, TOLE, B(H) X0 D Birkhoff 22 M I1Z B3 5 2t
INSRGE S YA AN AN

EIE (Turnsek [13]). H Z@EHE LIV FZEH LTS, TD L &, A€ B(H) %' Birkhoff
ERMIZE LU THNM E 725 720 OB+ 5M41E. ENIEHE#EMAZE (isometry) £
T T REFEEEAZE (coisometry) DAANT —f5L 7562 TH 5,

LHRREE SR & REFEMEAR L. B(H) ODHBAIBRDGEG A (extreme point) THD T &
RIS TWAS ([7, Corollary 6.1.9, Theorem 7.3.1]), fit> T, BHDOIERD 51X, FFE
DZEINTHEWT, Birkhoff [E A D A b FedE ASEALBR D iy sl HEIE S BEAF D A IHES
BMEALES Z e bh 5,

7, B<HISNTWB ESIZ, BH)IE7 4V - /4 < VEROMBEITH S, 2018 4F
ik, 7oA Y - A VEROPELA T Turnsek DfLH % IE 512 — Ak U 725555 [8] 123K
HINTWS, EMIZIE, RARI Nz,

TR (8]). RE27Hy - /A VERET D, TDL E. A€ B(H)» Birkhoff IR MEIZE
UTCENIRE 57200 0E+ 0508, Z0d3dn i (central) 2> 28/ (minimal)
BHNFEDAN T (LB THD,

TR (§]). RE27AY - /AR VEEST D, TDEE. Ac B(H)» Birkhoff R MEIZEY
ULTEXNRE 257D E+ M. TN R OBEAERDEG KD AL T =525
ZE&Th b,

ZDE3IZ, TAY - AR VEBROFETIE, Birkhoff [E 23 M 0 & Al W FME 13 24T
HZWVIEARBIRG 2 WTEBRALTR I NG, S&IE. INoDEHESEZIZ, 74 -
J A= VEIZEBEOER N F v NI B W T E Birkhoff 1858 M D J& e i FRME: % 26 5 He
WLUTWERZW, KX TlE, TORADE —HE LT, 74V VA VERIZMNEL T
BN B FTRCHZ B W T, Birkhoff ERMED TR 2 & 02T 5,

2 HEF

X ZNFyNEE Lz &, By 3 X ZHAERZ, Sy & X OHNEREZKT, *
2o X*EX D (VIVAAHIZBET %) PO 2R/ %2 &K T,
H%Ze)~N)VhEMET S, Ko,y € HIZNLUT, B(H) LOMENBEE w,, %
wey(A) = (Az,y) ITX D ED D, B(H) LOBEE {w,, : v,y € H} OREF 5 5L
M, 997/EHZENMAFE (weak-opeartor topology) &FEIENSG, 74V - /A< VEREIX, 55
TERBAMICBE U CHZ B(H) Ofn C*REDZ e Thd, 74v - JAXVERR LD
I INEEEL p DSIEM (normal) TH D &%, TNd By L THEMZEG R Z %25 5,
TxY - AR VER ORI R, &1d. R OIEMKRIEIBEE O 2K KT R DR %
Moz & Ths,
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THxy - A VEORAMOIEIFIE UTE, (0 (MV—227 5 A{FHEZEDL
) DT OENDE, () =l FAER T+ - ) A VE (L LTHRBETRE) THO,
Ct=B(H)TH5,

3 EE

T ) A VBOFNRIZ BT B Birkhoff 5 5V D R B % FUE T 5 72012 1%
ARG DEBUR ED 0, 1281 2 ERPEEEEE R T, =R -[) &B<

ZZ T,
n
(v, az, - an)| =Y |yl

j=1

THB, £ () =2 THY. fe () & (bi,bo... b)) €0 RA—FHEhib &,

T OIERIX
f(al, as, . .. ,CLn> = Z Cijj
j=1

THEzxoNn D,
BARM G ED -0, REHAWS

& 3.1 (James [5]). X Z K EDONFoNEFE L, z,ye X &5, TDEE, zlpy
ThHdIll, 5 feSx« WFEELT, f(x)=|z]| 2D fly) =0 725 Z & &IXFE
TH o,

B2 OFEGIE, EBRITIE, 200t SRIEDGEVAETH S, T X 2KTDGHH
RTHLS,

& 3.2. (2 O (a,b) H* Birkhoff EAMEIZE L TENFRE 72 5 72D DB EA 435 E 1%
a| = [b| LB TH D,

SEBA. Birkhoff A MEIZFEKMEZFEOD S, [|(a.b)|ly = |a| + b =1 2 LTEW, 7=,
Birkhoff B MIXEHHEAZCHREI NGNS, —BEEKSI 222 a>b >0
LTk, £9. (aq,b) iF Birkhoff EXMEICBEH LU CTENETHE L L LS, TDL &,
f=1)e @ &dds|fllo=1 fla,b)=a+b=12D f(-1,1)=0&b, 21
BWT (a,b) Lp (-1,1) TH b, £o5T. (a,b) DENTMENS (-1,1) Lp (a,b) TH 5,
NESNEN

2=-LDh <=L +27a,b)h =12"a =1+ 27+ 1] =2-2"a+27"D

e, ThEBEMHINEa<bEHRD, DED. a=bDWRILT B,

HiZ, HLa=b7256, (a,b) =212 ) THEMWN, TDELE, [|g]lec =9g(a,0) =1%
W72 ge () dg=(1,1)DATHS, £oT. (a,b) Lp (c,d) 725X g(c,d) =0, T
bbb, (c,d) =c(—1,1) TRITFNIER SR, ZDEE, ZHAREANS

I(=1,1) + A2a, 2b) [y = [1 = A[+ [T+ A| = 2 = [|(=1, D1

725 h 5, Birkhoff ERZMDRIKRIEL D (¢,d) L (a,b) D3, £oT. (a,b) IF
Birkhoff ERMIZESL CTEXNIRTH 5, O
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KIZ3RuDIGEE R &L D,

8 3.3. (3 DT (a,b,c) T Birkhoff AR MEIZE U TENFRE 225 5 DIE, (0,0,0) DAT
H5,

FERR. B ZE R 72D, (a,b,c) # (0,0,0) £ T 5, 2IRTDOHEDFEHO I L FEEIZ L
T, (a,b,0)i=12Da>b>c>02LT&EW, FEEf=(1,1,1) € (A" 12DV,
[fllo =122 f(a,b,¢) = a+b+c=1TH%, /=, f(4 1,4, -27)=0&D, BiZBW
T(a,bc) Lp (47147, =27 ) ThbB, —H, gd 4, —27) =44, -2 =1
Zmi7zdge (B3)ldg=(1,1,-1) DATHEh 6, (471,47 27 1p (a,b,c) THD
F2bIzix. g(a,b,c) =0 THRIFNERS MmN, Lo L,

gla,b,c)=a+(b—c)>0

THHN6., ZNEFEIDELRV, 5T, (a,b,¢) 1 63 128V T Birkhoff 1E 2D /i Xt
R E RS 720, O

TH v A< VBT, Birkhoff EARIMED A XNFRAIL, HULHID DMUNR B &\ S
KRB SR L DB o N=D, 75> ) A VBORIAHIZEWTIE, i 3.2
CHIE 3.3 0VRT LD IT, BHMIZ 2T L SIRTTE DEVWEAETH S, ZHvo Difimid,
RERZEBIEZMA 22, —BOGEIZBEHAING,

4 IR

HDEROFER (FiE 3.3) 2RETAZLIZED, 74y - )4 < VEBORAIZE
WTIIIRDIENLT B Z & Rbn b,

BEAL RETAY - JAXVEET S, &L, B R, 230 T4\ Birkhoff &35
B BN R RO S, RANTIFHET 2 ERHHEORE X 43 Th %,

TAY - AR VIRIIZOHEHEDOHMLE L UTETE20 6, ZOMEIZKD, BN
X A3 H B2 Birkhoff ERMEICET 2 ENMm 2R D>7 4> - VA VERIEC, A B &
U My(C) (2 x 2 DEFRTHDOETRED) ICRONEZ ehbhrd, TheiiE 3.2 D%
FOINAIZE D, R XD EEHEZF5,

EE 4.2 (9). R27x> - /AR VERET D, U, TOEBN R, H Birkhoff (522
BT SRR TO THRVWEDER DR S, IRODWTNPARILT B,

() R=CTHD. R, = C D&~ Birkhoff B VD S HFRA L 72 5.

(i) R=1THY, peR, = (p£0) 7 Birkhoff M IZBT 5 EHFATH
zee, ol e e {(ab)eC?:la = b =1/2} L IXAMETH 5.

(iii) R = My(C) TH Y. pe R. = (Mx(C),| - ]1) (p#0) A Birkhoff EzMIZBIT 5
EXNMRTHBEIZ L, |pl| o e {Ae€ M(C):0y =0y =1/2} LIZFETD 5,
Z :VG\ 01,09 CiA O)ﬂ%iﬁﬂﬁ%%@—o



S 3k

[1]

Arambasi¢ and Raji¢, On symmetry of the (strong) Birkhoff-James orthogonality in
Hilbert C*-modules, Ann. Funct. Anal., 7 (2016), 17-23.

G. Birkhoff, Orthogonality in linear metric spaces, Duke Math. J.; 1 (1935), 169-172.

P. Ghosh, K. Paul and D. Sain, Symmetric properties of orthogonality of linear op-
erators on (R™, || - ||1), Novi Sad J. Math., 47 (2017), 41-46.

P. Ghosh, D. Sain and K. Paul, On symmetry of Birkhoff-James orthogonality of
linear operators, Adv. Oper. Theory, 2 (2017), 428-434.

R. C. James, Orthogonality and linear functionals in normed linear spaces, Trans.
Amer. Math. Soc., 61 (1947), 265-292.

R. C. James, Inner product in normed linear spaces, Bull. Amer. Math. Soc., 53
(1947), 559-566.

R. V. Kadison and J. R. Ringrose, Fundamentals of the theory of operator algebras.
Vol. 11, Advanced theory. Pure and Applied Mathematics, 100, Academic Press, Inc.,
Orlando, FL, 1986.

N. Komuro, K.-S. Saito and R. Tanaka, Symmetric points for (strong) Birkhoff
orthogonality in von Neumann algebras with applications to preserver problems, J.
Math. Anal. Appl., 463 (2018), 1109-1131.

N. Komuro, K.-S. Saito and R. Tanaka, Left symmetric points for Birkhoff orthogo-
nality in the preduals of von Neumann algebras, Bull. Aust. Math. Soc., 98 (2018),
494-501.

K. Paul, A. Mal and P. Wojcik, Symmetry of Birkhoff-James orthogonality of opera-
tors defined between infinite dimensional Banach spaces, Linear Algebra Appl., 563
(2019), 142-153.

D. Sain, Birkhoff-James orthogonality of linear operators on finite dimensional Ba-
nach spaces, J. Math. Anal. Appl., 447 (2017), 860-866.

D. Sain, P. Ghosh and K. Paul, On symmetry of Birkhoff-James orthogonality of
linear operators on finite-dimensional real Banach spaces, Oper. Matrices, 11 (2017),
1087-1095.

A. Turnsek, On operators preserving James’ orthogonality, Linear Algebra Appl.,
407 (2005), 189-195.

A. Turnsek, A remark on orthogonality and symmetry of operators in B(H), Linear
Algebra Appl., 535 (2017), 141-150.

54



55

Day-James ZfEIC 5 1T 2R MFHERICDOWT

R L N7 KRS - BT =8 — (Ken-Ichi Mitani)

Okayama Prefectural University

i kE - BARER FBEE B (Kichi-Suke Saito)

Niigata University

B =
Day-James Z2[H] £,,-0, 12 51T 2 BT FHE OB IZEES 5 Bl DGR % ik~
%, %#Z von Neumann-Jordan & (BAF, NI E) 25 X 5, TOZEMEIZEIT 2
NJ B OMEIZEAL TIE, 2001 412 fi#E-Maligranda- =46 [3] 23ARMRFEE & U T
LD BT, Yang 512 & o THAMICHIR STV ([2, 10, 11, 12, 13])
AHFSE Tl Banach-Mazur JEBEZ Nz 0,0, 1281 5 NJ € BOEIR L%
9 5,

Definition 1 Let X be a Banach space. The NJ-constant Cxj(X) is the smallest

constant C for which

2 12
1 eyl
¢ 2(Jl[1* + [ly[*)
holds for all z,y € X not both 0 ([1]).

SWHZ 5L

lz + yl* + llx — ylI?
2(11[* + Ty l1*)

ZIT, Sy={reX: |z =1}, Bx={reX:|z <1}

CNJ(X):SUP{ :x € Sx, yEBX}7

Cny(X) D ELHEIZRDED TH 5,

Proposition 1 (cf. [3]) (i) 1 < Cxy(X) < 2 for all Banach spaces X
(i) X is a Hilbert space if and only if Cx3(X) =1

(iif) Ong(L,) = 2%/ PP} =1 where 1/p+1/p' = 1,1 < p < o0

(iv) X is uniformly non-square if and only if Cx;(X) < 2

(v) Cny(X) = Cny(X™) for all Banach spaces X.



RIS Tld Day-James ZEff] 2559 5,

Definition 2 (cf. [3]) Let 1 < p,q < oo. The Day-James ¢,-¢, space is the space R?
with the norm || - ||, , defined by

I, 9)llp,  zy =0,

||<x7y)||(h Ty S 07

1, 9)lp.a =

where || - ||, is the £,-norm on R

Z DOZEM D NI EUZBI U T, 2001 412 M%-Maligranda- =48 [3] A% open problem &
U TCHUD EIF7274%, Yang-Wang 2 & - TIRDME 5 vz,

Theorem 2 ([12], cf. [2])

Ol t) = 5 (1)

WSIZINZEIHET2OROEBEEALZ, X 2NFyNZEHETE, TOLE

x4+ ty||? + ||z — tyl|?
7X@):mp{n P+l — 1] :x’yesx}

Y5, Ong(X) e () ZHOTRD &S I0ERT 2R TE B,

s (X) zsup{%((t) 0<t< 1} ()

1+¢2

WoHIEX =l DEEyx(t) =1+t +t2 ZFEL, 2) ITRATZZ LT, (1) 248
Tzo IBRDHIEIZ LD 0,0, IZBIL T Yang 5IZ K DIRBFSNT WS,

Theorem 3 ([10, 11, 12, 13]) (i) If either 1 <p <2, 0orp > 2 and (p—2)22/P2 < 1
then

CNJ<£p-€1) =1+ 22/p72'
(ii) If p > 2 and (p — 2)2%772 > 1, then

1 1 — g
ol =5 =y
0
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where ty € (0,1) is the unique solution to the equation

(t — tP=Y) (1 + tp)2/p—1

2 = 1.

In particular,
3+V5
YR

CNJ (ﬁoo 'el) =

AWFSETIE, Day-James 28] (,-0, IZE TS NI EBEFtH TS, 22 Tog=121EK
LIRWZ EIZHEET 5, EEAEE U T Banach-Mazur Bilf% W5,

Definition 3 For isomorphic Banach spaces X and Y, the Banach-Mazur distance
between X and Y, denoted by d(X,Y), is defined to be the infimum of ||T]| - || 77|

taken over all bicontinuous linear operators 7" from X onto Y (cf. [9]).

Lemma 4 ([3]) If X and Y are isomorphic Banach spaces, then

Cni(X)

JX. YR < Oy (Y) < Oxg(X)d(X, V)2

In particular, if X and Y are isometric, then Cx;(X) = Cx3(Y).

Lemma 5 ([3]) Let X = (X, |- ||) be a non-trivial Banach space and let X; = (X, || -

l1), where || - ||y is an equivalent norm on X satisfying, for «, 5 > 0,
allzl| < [lzfl < Bll=ll, =€ X.

Then
a2 62
EONJ(X) < Ong(X) < @CNJ(X)-
FOREZ FAWT, 2IRITEZEM D absolute / IV AIZET S NI @I T 2R DfE R

2%, MDD Ox(R? |- (D) & Cna(ll - ) &%2<o

Definition 4 A norm || -|| on R? is said to be absolute if ||(|z], |y|)|| = ||(z, y)|| for any
z,y € R.



Theorem 6 ([5, 6], cf. [7]) Let |- ||x,| - ||z be absolute norms on R?. Assume that
(i) (R%, || - ||z) is an inner product space.

(i) ol )l < (@ 5)llx < Bll(z.y)lu for any (z,y) € B2 (o, 8 are the best con-
stants).

(iii) In (ii) it satisfies either «||(1,0)|lz = [|(1,0)||x and «|/(0,1)||z = |/(0,1)]x, or
BIIL, 0l = [1(1,0)][x and B][(0, )|z = [[(0, 1) x-

Then

ﬁQ

a?’

Crall - llx) =

ZDEMEZHNT, 0,0, 12525 NI EBZFHT S, 1<g<p<oollXL,R* L

1T, )llp, | = [yl,

1Tz, y)llg, |l < Tyl,

Iz llx = 1T, 9)llpg =

L5, 22T (2,y) = =y, 2+y). Ona(lply) = Crallllx) THZHS Cry(|l-[1x)

EHETNITDTHE, 2O/ VAN UTR2 EDO VL |||y %

(2,9l = V/22/pta? 4+ 22/ 1y (1< g < p <o)

B HoMZ| - |lx & | - ||z t& absolute Td D Theorem 6 @ (i), (ii), (iii) (8 =1
WL T) A7, Theorem 6 Z#H T 5 L IZXDIR%EG5,

Theorem 7 ([6]) If 1 < ¢<2,¢g<p<ocand 2¥P~24(p—1) <1, then

22/10(15(2) + 22/q72/p)

Oni(lpty) = (1 +t0)7 + (1 —tg))2/a’

where

(22/972/7 — £)(1 + t)7 ! - 1}
(2%/a=2/p +t)(1 —t)a—t — )7
In particular, if 1 < ¢ < p < 2, then (3) holds.

ty = sup {t € (0,1):

Corollary 8 ([10, 11, 13]) If either 1 <p <2, or p > 2 and 2%772(p — 1) < 1, then

COng(ly-01) = 14 22/772,
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Remark 1 Let 1 < ¢<2,¢<p<ooand2¥7%4(p—1) < 1. If H is an inner product

space with dim H = 2, then

d(l,-Ly, H) = 1/ Cny(€,-L,).

von Neumann-Jordan &% % —f#{t L 7z von Neumann-Jordan BIE L [8] 2L > T
E#RI N, EFLE R GIEIC & D Day-James 2212 B 1) % von Neumann-Jordan
RIEBBEHETH I ENTES ([4)),

£ 3k
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FIXED POINT, ABSOLUTE FIXED POINTS AND CONVERGENCE
THEOREMS FOR NONLINEAR MAPPINGS

SACHIKO ATSUSHIBA

DEPARTMENT OF MATHEMATICS, GRADUATE SCHOOL OF EDUCATION, UNIVERSITY
OF YAMANASHI

ABSTRACT. In this paper, using the idea of attractive points of nonlinear mappings
and the concept of the mean, we prove convergence theorems for nonexpansive semi-
groups.

1. INTRODUCTION

Let H be a real Hilbert space with inner product (-, -) and norm || - || and let C' be a
nonempty subset of H. For a mapping T : C' — H, we denote by F(T') the set of fized
points of T and by A(T) the set of attractive points [15] of T, i.e.,

i) F(T)={z€C:Tz=z};

(i) A(T)=4{z€ H:||Tz—z|| < |z -z, Vx € C}.
A mapping T : C' — C' is called nonexpansive if ||Tx — Ty|| < ||z — y|| for all z,y € C.
In 1975, Baillon [5] proved the following first nonlinear ergodic theorem in a Hilbert

space: Let C' be a nonempty bounded closed convex subset of a Hilbert space H and let
n—1

T be a nonexpansive mapping of C' into itself. Then, for any z € C', S,z = Z Tz

1=0
converges weakly to a fixed point of T' (see also [14]).

Motivated by Baillon [5], and Kocourek, Takahashi and Yao [8], Takahashi and
Takeuchi [15] introduced the concept of attractive points of a nonlinear mapping in a
Hilbert space and they proved a mean convergence theorem of Baillon’s type without
convexity for a generalized hybrid mapping.

In this paper, using the idea of attractive points of nonlinear mappings and the
concept of the mean, we prove convergence theorems for nonexpansive semigroups.

2. PRELIMINARIES AND NOTATIONS

Throughout this paper, we assume that E is a real Banach space with norm || - ||.
We denote by E* the topological dual space of E. We denote by N and R the set of all
positive integers and the set of all real numbers, respectively. We also denote by R™

the set of all nonnegative real numbers. We write x,, — = (or lim z,, = ) to indicate
n—o0

that the sequence {z,} of vectors in E converges strongly to x. We also write z,, — x
(or w- lim z,, = x) to indicate that the sequence {z,} of vectors in E converges weakly
n—oo

to x. We also denote by (y, z*) the value of 2* € E* at y € E. For a subset A of E, coA
and ¢0A mean the convex hull of A and the closure of convex hull of A, respectively.
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A Banach space F is said to be strictly convex if < lfor z,y € E with ||z| =

|yl = 1 and = # y. In a strictly convex Banach space, we have that if ||z| = [|y| =
| (L=X)x+ Ay|| for z,y € £ and A € (0,1), then  =y. For every ¢ with 0 < e < 2,
we define the modulus 0(¢g) of convexity of E by

. T4y
3@ =int {12 e <L < 1o - v 2.

A Banach space E is said to be uniformly convex if § (¢) > 0 for every € > 0. If E is
uniformly convex, then for r, e with » > ¢ > 0, we have (%) > (0 and

s EG6)

for every x,y € E with ||z|| <, [|y|| < r and ||z — y|| > e. It is well-known that a
uniformly convex Banach space is reflexive and strictly convex.

Let S be a semitopological semigroup, i.e., S is a semigroup with a Hausdorff topol-
ogy such that for each a € S the mappings s — a-s and s — s-a from S to S are
continuous. In the case when S is commutative, we denote st by s+t. Let B(.S) be the
Banach space of all bounded real-valued functions defined on S with supremum norm.
For each s € S and g € B(S), we can define an element (,g € B(S) by (¢s9)(t) = g(st)
for all £ € S. We also denote by ¢ the conjugate operator of /5. Let X be a subspace
of B(S) containing 1 and let X* be its topological dual. A linear functional x4 on X is
called a mean on X if ||| = p(1) = 1. We often write u;(g(t)) or [ g(¢)du(t) instead of
wu(g) for p € X* and g € X. Further, assume that X is invariant under every ¢, s € S,
i.e., 0 X C X for each s € S. Then, a mean p on X is called invariant if p(fsg) = p(g)
for all s € S and g € X. For s € S, we can define a point evaluation d; by ds(g) = g(s)
for every g € B(S). A convex combination of point evaluations is called a finite mean
on S. A finite mean p on S is also a mean on any subspace X of B(S) containing
constants.

The following definition which was introduced by Takahashi [13] is crucial in the
nonlinear ergodic theory for abstract semigroups (see also [7]). Let h be a function of
S into E such that the weak closure of {h(t) : ¢ € S} is weakly compact. Let X be
a subspace of B(S) containing constants and invariant under every /,, s € S. Assume
that for each x* € E*, the function ¢ — (h(t),z*) is an element of X. Then, for any
p € X* there exists a unique element h, € I such that

(o) = ()uth(@), ") = [ (h(t),2°) dutt)

for all z* € E*. If 1 is a mean on X, then h, is contained in co{h(t) :t € S} (for
example, see [13, 14]). Sometimes, h, will be denoted by [ h(t)dpu(t).

Let C be a closed convex subset of a Banach space E. Then, a family S = {T'(s) : s €
S} of mappings of C' into itself is called a nonexpansive semigroup on C' if it satisfies
the following conditions:

(a) T(s+1t) =T(s)T'(t) for all s,t € S
(b) s+ T(s)z is continuous;
(c) |T(s)x —T(s)y|| < ||z —y| for all x,y € C and s € S.
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We denote by F(S) the set of common fixed points of T'(t),t € S. Let S = {T'(t) : t € S}
be a nonexpansive semigroup on C. Assume that for each z € C and z* € E*, the
weak closure of {T'(t)x : t € S} is weakly compact and the mapping t — (T'(t)z, z*)
is an element of X. Let p be a mean on X. Following [11], we also write 7}, z instead
of [T(t)xdu(t) for z € C. We remark that T}, is nonexpansive on C and T,z = x for
each z € F(S). If u is a finite mean, i.e.,

M:Zaiéti (tiGS,aiz(), Zai:l)’
=1 i=1
then

T,x = Z a; T (t;)x.
i=1

3. LOCALLY UNIFORMLY ROTUND SETS

In this section, we study the notion of locally uniformly rotund (see [16]). Let
E be a Banach space, let C' be a nonempty bounded closed and convex subset of
E. Assume that C' have nonempty interior, that is, int(C') # (). We say that C is
locally uniformly rotund (LUR) if for each x € 9C and for each ¢ € (0,d,), where
d, = sup{||lxr — y|| : y € C}, there exists §(x,e) > 0 such that for each y € C' with
|z — y|| > €, we have

— —=x

[Tty .
dlst( 5 ,OC’) .—1nf{ 5

Let C be a nonempty bounded closed and convex subset of a Banach space F, Assume
that C' have nonempty interior, that is, int(C') # (). We say that C'is uniformly convex
if for each € € (0,diam(C)), there exists nc(¢) > 0 such that for each x,y € C with
|z —y|| > €, we have

dist <I7+y,80> — inf {' % _

At this point we present a simple example of a bounded closed and convex subset of a
Hilbert space, which is LUR but not uniformly convex (see [9]).
Let H = (2. Let

C= {x ={2'y e H=1(": Z (Jo® 1 + ]a;%\k)% < 1}

k=2

r+y

S 80} > 0(x,€).

'€ GC’} > ne(e).

Then, C' is bounded, closed, convex and has nonempty interior. Moreover, C'is locally
uniformly rotund, but not uniformly convex.
4. CONVERGENCE THEOREMS FOR NONEXPANSIVE SEMIGROUPS

In this section we prove the convergence theorems for nonexpansive semigroups with
no common fixed points in the interior of their domains. A sequence {z,} in C is said
to be an approximating sequence of a nonexpansive mapping 7' : C' — C' if

lim ||z, — Tz,| = 0.
n—oo



Let S be a commutative semitopological semigroup, i.e., S is a commutative semigroup
with a Hausdorff topology. A family & = {T'(¢) : t € S} of mappings of C' into itself is
said to be a nonexpansive semigroup on C' if it satisfies the following conditions:

(i) For each t € S, T'(t) is nonexpansive;

(i) T(t+s) =T(t)T(s) for each t,s € S
(iii) s +— T'(s)z is continuous.
A sequence {z,} in C is said to be an approximating sequence of a nonexpansive
semigroup S = {T'(¢t) : t € S} if

lim ||z, — T(t)z,|| =0
n—oo

for each t € S. Let S = {T'(t) : t € S} be a nonexpansive semigroup on C. Assume
that for each x € C and z € H, the weak closure of {T'(t)z : t € S} is weakly
compact and the mapping ¢t — (T'(t)x, z) is an element of X. Let x be a mean on X.
Following [11], we also write T,z instead of a [ T'(¢)x du(t) for all z € C'. We remark
that 7, is nonexpansive on C' and T,z = x for each z € F(S).

Theorem 4.1 ([1]). Let E be a reflexive Banach space which admits a demiclosedness
principle with respect to monexpansive mappings. Assume that C is bounded, closed
and convex with nonempty interior. Assume further that C is locally uniformly rotund.
Let S = {T'(t):t € S} be a nonexpansive semigroup. If S = {T(t):t € S} has a unique
common fixed point z and z lies on the boundary 0C' of C, then every approximating
sequence {x,} of S converges strongly to z.

The following was proved in [12, 3] (see also [7]). In the proof of the main theorem,
the following lemma is crucial.

Lemma 4.2. Let C' be a nonempty closed convex subset of a uniformly convex Banach
space E. Let S be a commutative semigroup and let S = {T(t) : t € S} be a nonex-
pansive semigroup on C such that F(S) # 0. Let X be a subspace of B(S) such that
1 € X, it is {s-invariant for each s € S, and the function t — (T'(t)x, x*) is an element
of X for each x € C and z* € E*. Let {u,} be a sequence of means on X such that
limy, oo [[ftn — Cipen|] = 0. Then, for each r >0, w e C and t € S,

lim sup |7,y — T(t)T,,yll =0,

n—oo yGDT
where D, = {z € C: ||z —w| < r}.

Theorem 4.3 ([1]). Let E be a a uniformly convex Banach space and let C' be a
bounded closed and convex subset of E. Assume that C' has nonempty interior and is
locally uniformly rotund. Let S = {T(t) : t € S} be a nonexpansive semigroup on C.
If § ={T(t):t € S} has no common fized point in the interior of C, then there exists
a unique point zy on the boundary OC of C' such that the orbit S(t)x : t < 0 converges
strongly to zy.

The following example shows that the assumption that C' is locally uniformly rotund
is crucial (seel[6]).

Example 1. Let H = R? be endowed with the standard Euclidean norm and let C =
{(z,y) € R* : [z < L|y| < 1} If T(z,y) = (L —y) for (z,y) € C, then T is
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nonezpansive and (1,0) € OC' is its unique fived point, but {T"(1,1),n =1,2,...}, do
not converge to (1,0).

Corollary 4.4 ([1]). Let E be a reflexive Banach space which admits a demiclosedness
principle with respect to nonexpansive mappings. Let C' be a bounded, closed and convex
subset of E with nonempty interior. Assume that C' is locally uniformly rotund. Let
S ={T(t):t € S} be a nonexpansive semigroup on C. Assume that S = {T'(t) :t € S}
has a unique common fized point zg and zy lies on the boundary OC of C'. Then for each
x € C, the sequence z,:[0,1) — C, defined implicitly by z,(s) = (1 — s)x + sT},, z,(s),
where s € [0,1), converges strongly to x as s — 1. In addition, this convergence is
uniform with respect to x € C.
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Matrix Functions and Matrix Order

Mitsuru Uchiyama (Shimane U.(EP), Ritsumeikan U.(Guest))
Lawrence G. Brown (Purdue U.)

1 Introduction

This note is based on [5]. The main purpose is to give a new method to
construct an operator monotone function,

Let f(t) be a real continuous function defined on an interval .J in the real
axis. For a hermitian matrix A whose spectrum is in J, f(A) is well-defined.
f is called an operator monotone function on J and denoted by f € P(J) if
this map A — f(A) preserves the matrix order, i.e.,

f(A) £ f(B) whenever A < B.

We remark that the above inequalities hold for A, B of an arbitrary size.
P, (J) stands for {f|f € P(J), f(t) > 0}. f is said to be operator decreasing

if —f € P(J). g is called an operator convex function on J if
g(sA+ (1 —s)B) = sg(A) + (1 — s)g(B)

for every 0 < s < 1 and for every pair A, B with spectra in J.

An operator concave function is similarly defined. We here give some
examples to help our comprehension. But the proves of some of them need
subsequent results.

Example 1. (i) A power function #* is operator monotone and operator
concave on (0,00) for 0 < A < 1.

(ii) For 1 < X < 2, t* is operator convex but not operator monotone on
(0, 00).

(111) 1/t is operator decreasing and operator convex on (0, c0).

(iv) 1/t is operator decreasing and operator concave on (—oo,0).

(v) tant € P(—7n/2,7/2).

We now refer to the excellent theorem:

Lowner (or Loewner )[8] Let J be open. Then f € P(J) if and only if
f has a holomorphic extension f(z) to the open upper half plane IT, which
is a Pick function. In this case,

& T 1

f(t):a+ﬁt+/_ (—x2+1+x_t)d1/(x),
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/3

where « is real, 8 2 0 and v is a Borel measure so that

/_OO ! dv(z) < oo, v(J)=0.

o0

Refer to Donoghue[7] and B. Simon[9] for further study on this area.

A relationship between the operator monotone function and the operator
convex function has been investigated:

Bendat-Sherman [2]. ¢(t) is operator convex on an open interval J if
and only if

Ky(t to) = U500 (£ £ 40) I, (to, o) = ¢/ (to)
is in P(J) for every ty € J.

M. Uchiyama [12]. Let g(t) be a C'-function on an open interval J.
Then g¢(t) is operator convex if K,(t,ty) is operator monotone for one point
to € J.

B. Simon(2017) showed us that ¢ is operator convex since

tant

tT e P(—n/2,7/2).

The following characterization for an operator convex function is fundamental
for subsequent study on operator inequality.

C. Davis[6]. g is operator convex on J if and only if
Pg(Ap)P < Pg(A)P
for every A with spectrum in J and for every orthogonal projection P, where
Ap is the compression of A to the range of P.

Definition 1.1 (L. Brown [3, 4]). g is called a strongly operator convex
function and denoted by g € SOC(/J) if

Pg(Ap)P < g(A)
for every A and for every orthogonal projection P.
One can see the following elementary facts.
* A strongly operator convex function is operator convex.
* A positive constant function is strongly operator convex.

* The identity function f(¢) =t is not strongly operator convex
on any interval.



2 Strongly operator convex functions

Theorem 1 ([5]). Let g() be a continuous function on J such that g(¢) > 0.
Then the following are mutually equivalent.

(i) g € SOC(J).

(i)

So(A) + 59(B) — o(A 15
2% (9(A) = g(B)) {g(A) + g(B)} " (9(A) — g(B)).

(iii) 1/g(t) is operator concave.
(iv) g(t) > 0 and

S*g(A)S + VI — S*Sg(B)VI — S*S
— g(S*AS + 1 — S*SBVI — 5*5)
> X{VI — SS*g(A)VI — SS* + Sg(B)S*} ' X*

for every contraction S and for every pair of bounded self-adjoint operators
A, B with spectra in J, where

X = S*g(AWI — SS* — /I — 5*Sg(B)S*.

Theorem 2 ([5]). (i) ¢ € SOC(—o00,00) if and only if g(¢) is a non-
negative constant function.
(ii) Let J = (a,00) with —oo < a. Then 0 # g € SOC(a, o) if and only if
g(t) > 0 and g(t) is operator decreasing (cf. [12]). In this case, g(t) is
represented as

g(t) = g(oo) + [ Zrdv_(2),

where [*  —i=dv_(2) < oo (ct. [11, 1)).

(iii) Let J = (—o0,b) with b < co. Then g € SOC(J) if and only if g(t) > 0

and ¢(t) is operator monotone on J.

(iv) g € SOC(0,00) is a completely monotone function, i.e., (—1)"g™(t) =
00<t<oo)forn=0,1,2,---.
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Theorem 3 ([5]). Let f(¢) be a continuous function on J and ¢, € J. Then

f(t) e P(J) <= Ky(t,ty) € SOC(J).

tant

Example 2. Since tant is operator monotone on (-3, %), *%

operator convex.

is strongly

Corollary 1. Let J be an open interval. If g, € SOC(J) and g,(t) converges
pointwise to g(t) as n — oo, then g € SOC(J).

Corollary 2. Let g(t) € SOC(a,b). Then there is a decomposition of g(t)
such that

9(t) = g4(t) + g_(t) fort € (a,b),
where g, € SOC(a,00) and g € SOC(—00, b).

* Theorem 3 gives a new method to construct an operator monotone
function. For fy € P(J), choose ty in J and put fi(t) := (fo(t) — fo(to))/(t —
to) € SOC(J). Since f; is a non-zero strongly operator convex function, 1/ f;
is operator concave, hence f, := —1/f; is operator convex. Choose t; € J
and put f3(t) := (fa(t)— fa(t1))/(t—t1). Then f3 is a new operator monotone
function.

Example 3. Since tant € P(—%, %), 2 € SOC(J) and hence

tant —¢ b _q
= ;_0 e P(J).

Example 4. Since 2 ¢ SOC(J) for J = (—7/2,7/2), = is operator

concave, i.e., —ﬁ is operator convex. Thus

Example 5. Since t* € P(J), where 0 < a < 1 and J = (0,00), 55t €
SOC(J), and hence

e e
— € P(0,
o — 1 ‘ (0,00)




We end this note with the following extension theorem of function defined
on a finite interval.

Proposition 1 ([5], ¢f. Ju. L. Smul’jan[10]). Let f(¢) be a function on a
finite interval (a,b). Then

(i) If f is operator concave and operator monotone on (a,b), then f has
an extension f to (a,00) such that f is operator concave and operator
monotone on (a,o0).

(ii) If f is operator convex and operator decreasing on (a,b), then f has
an extension f to (a,00) such that f is operator convex and operator
decreasing on (a, 00).

(iii) If f is operator convex and operator monotone on (a,b), then f has
an extension f to (—o0, b) such that f is operator convex and operator
monotone on (—o0,b).

(iv) If f is operator concave and operator decreasing on (a,b), then f has
an extension f to (—oo, b) such that f is operator concave and operator
decreasing on (—o00, b).

Remark 2.1. We did not know whether this result had been known or not.
However B. Simon referred us to [10] about (i).
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Attainability of the best Sobolev constant in a ball
Norisuke Ioku*

Mathematical institute, Tohoku University

6-3 Aramaki aza Aoba, Sendai, Japan

This report is based on the paper [11]. Complete proofs can be found in [11].

1 Introduction and Results
The Sobolev inequality states that, if n > 2 and 1 < p < n, then
(1.1) Supllulle < [[Vullr

for every u € W'P(R"), where p* is the Sobolev conjugate number defined by
p* =np/(n —p) and S, is the best constant in the inequality (1.1) given by

for 1 <p<mn,

(Sn,pzﬁné (u)”? F<%>F(n+1_%>

< p—1 I'(n)I (14 %)
St = VI——— for p =1,
\ ra+g)lr

where I'(+) is the gamma function. The inequality (1.1) with the best constant was
obtained by Federer-Fleming [9] and Maz'ya [15] for p = 1 and by Aubin [3] and
Talenti [19] for 1 < p < n. Furthermore, if 1 < p < n, the best constant is attained
by the two parameter family

(1.2) Uz) = (a+blz|7 1) "%, a,b>0

and its translation. If we replace R™ in 2 C R", the Sobolev inequality still holds
for u € W,?(€2) with the same best constant; however, it is not attained in W, (Q)
because the dilation invariance under

(1.3) () = p' 7 u(pz),  p>0,

breaks (see [14, p.44] ). Similar results on optimal Sobolev inequalities in Lorentz
spaces with 1 < p < n are discussed by Cassani-Ruf-Tarsi [5].

*e-mail address: ioku@tohoku.ac.jp
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On the other hand, in the critical case of p = n, the Sobolev inequality of the
form (1.1) is no longer true because S, , — 0 as p — n, and Wy () is not embedded
into L>°(£2). Alvino [2] considered the critical case and obtained

(1.4) ﬁn—nl sup (@)l — < [IVullr sy for all u € W, (Bg),

D (1+35)r o€bn <10g<R>) !

|z

where Bp is the ball centered at the origin with radius R > 0 and u* denotes the
Schwarz symmetrization of u € I/VO1 "™(Bpg). For the definition of u*, see the end of
Section 1 of this paper or [14, Section 1.3]. Alvino’s inequality (1.4) is known to be
the critical case of Sobolev embeddings because this inequality implies the optimal
embedding of W, (Bg) into Orlicz spaces (see [7, Example 1]). Several equiva-
lent forms of (1.4), especially the relationship between (1.4) and Moser—Trudinger
inequalities, are discussed by Cassani-Sani—Tarsi [6].

One of the main difference between the Alvino inequality (1.4) and the Sobolev
inequality (1.1) is the scale invariance structure, that is, the critical case (1.4) is not
invariant under the dilation x — Az but is invariant under

(1.5) ur(z) = A" u ((%)H x) . A>0.

This scaling was firstly found by Adimurthi-do O-Tintarev [1], and they pointed
out that Moser functions are invariant under (1.5). Cassani-Ruf-Tarsi [4] proved
that Moser functions are the minimizers of the minimizing problem associated with
(1.4) by focusing its invariance under (1.5). Costa—Tintarev [8] applied the scaling
(1.5) to analyze the concentration profiles of the Trudinger—Moser functional.

It is well known that the inequalities (1.1) and (1.4) with the best constant have
vast applications and generalizations in geometry, physics, and functional analysis.
Even though (1.1) and (1.4) are widely studied, several questions still arise naturally
from the view-point of attainability of the best constant and the scale invariance
property. Does the Sobolev inequality in VVO1 P(Bg) have a scale invariant form?
Can we obtain Alvino’s inequality (1.4) from Sobolev type inequalities by directly
passing to the limit p — n? Is there any relationship between the two scalings: the
dilation (1.3) for W'?(R™) and the scaling (1.5) for W,"(Bg)?

In this paper, we give a positive answer for these questions by discovering the
scale invariant form of a Sobolev type inequality in VVO1 ?(Bgr), which recovers the
attainability of the best constant and implies Alvino’s inequality by taking p — n.

To state our result, we introduce the g-logarithmic function and g-exponential
function as follows:

rli=1—1

log, 7 := —l—q ,

exp, (r) = [1 + (1 — ¢)r] ™7,

(1.6)
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for ¢ >0, ¢ # 1 and r > 0. It is easy to verify that

lim log, r = log r, limexp,r = ¢" for all » > 0.
qg—1 q—1
These modified logarithmic, exponential functions were originally introduced by
Tsallis [20] to study nonextensive statistics. See [21, Section 3] or [17, Section 2 and
Appendix A] for more details on ¢-logarithmic, exponential functions.

The first result is an improved Sobolev inequality for radially symmetric func-
tions.
Theorem 1.1 (Sobolev type inequality). Let n € N, n > 2, 1 < p < n, and
# = 11) — % Then for any radially symmetric function u € Wol’p(BR) the following
holds:

1

P

*

1
n—p\* [u(z)P?
(1.7) Shp (p — 1) / oD dx < ||Vul| Lr(Bg)-
Br [IOgL—l %] n—p

p*l"

The left-hand-side constant is optimal and attained by

p 1-2

(1.8) Ur(a) = a+b{ L 1} ,

S
ot R

where a,b > 0. Furthermore, the inequality (1.7) is invariant under the following
nonlinear scaling

(1.9) | et

Ty = [mrﬁ S (- NR | ﬁ

x

Remark 1.1. The inequality (1.7) yields the classical Sobolev inequality in a bounded
domain €2 and non-attainability of the best constant by symmetrization techniques
as follows. Let u € Wol’p(Q) and u* be its Schwarz symmetrization, where Bg is the

ball centered at the origin having the same measure as €. Since
H
n—p R ||\ P
1.10 ——logn1 —=1— | — <1
(1-10) e =1- ()
for all x € Bpg, the inequality (1.7) applied to u* € Wol’p(BR) together with the
Pdlya-Szeqo inequality shows that

|u* ()

1
p* P
SR,PHUHLP*(Q) = Sn,pHU*HLP*(BR) < Sn,p(/B pn—1) dx)
R |n-p R TP
[ ogy 1]

< [IVullzosg) < Vullir

(1.11)

for all w € Wy P(Q). Moreover, the strict inequality (1.11) directly shows that there
is no extremal function for the classical Sobolev inequality in €.
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Remark 1.2. Clearly the equality in (1.10) shows that Theorem 1.1 yields the clas-
sical Sobolev inequality in R™ by taking R — oo. The scaling (1.5) converges to the
dilation (1.3) as R — oo, that is,

_pr%lu(:c,\) — ()\_Z;—;)%u( _5;—;30 , R — .

Furthermore, the extremal function Ug(x) in (1.8) converges pointwise to the Aubin—
Talenti function U(z) in (1.2) as R — oo.

Remark 1.3. While the classical Sobolev inequality (1.1) does not imply Alvino’s
iequality, Theorem 1.1 yields Alvino’s inequality by the direct limiting procedure
p — n. Indeed, the explicit value of S, , gives us that

n

_n—-1 1
n — n m™Tmn
Sn,p ( p> - \/_

-l P(1+3)"

R
|z

as p — n. This together with li%n log% = log |7R\ yields the desired convergence
ptn p—

1
p*

n—1 1

— T n * p* n *

Sn,p (n p) / |u (x)| p(n—1) dm — ﬁn 1 sup |u (x) |n—1
p— 1 Br |:10g E:| n—p 1—‘ (1 + %) n r€BR (log ﬁ) n

2= Tal E

as p — n. Furthermore, the scaling (1.9) coincides with the scaling (1.5) if p — n,
A-1
since limzy = (%') x.
p—n

Theorem 1.1 does not hold for arbitrary (not necessarily radially symmetric)
Wy P (Bg) functions. To prove this, let us assume that (1.7) holds for arbitrary
WP (Bg) functions and then derive a contradiction. Let d(z) be the distance func-
tion to the boundary defined by d(z) := R — |z|. Since there exists C' > 0 such that
d(x)/C < logni % < Cd(z) for all z € Bg, the inequality (1.7) yields the following
Hardy—-Sobolev inequality with weight function:

(1.12) (/BR lu(z)

The necessary condition for the exponent of the weight function is known in the study
of Hardy—Sobolev inequalities with weights (see [?, Theorem 19.10 and Remark 19.13
with k = 1,¢ = 0]). Since —p(:f_pl) is not admissible, the inequality (1.12) cannot
hold. Nevertheless, we obtain the following Sobolev type inequality for arbitrary
I/VO1 ?(Bpg) functions by introducing the differential operator L,. The radial derivative
V,u(z) and the tangential derivative Vgn-1u(z) are defined by

1
p(n—1)

p*d(ﬂf)i n-p dZU) S OHVUHLI’(BR)-

(1.13) V,u(x) = ( ’ Vu(a:)) %, Vsn-1u(z) := Vu(z) — V,u(z).

]
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We define L, as follows:

Ly i= Vguru(z)/ [z log.s }+v ().

']
Clearly the following theorem includes Theorem 1.1, since L,u = V,u = Vu if
u is radially symmetric.

Theorem 1.2. Letn € N, n > 2, 1 <p <n. It follows that

1
pF
n

(1.14) Sn,p(Z:f)_;l /BR [mg(;rwdx <</BRLpu(:c)pdx>;

for all w € C§°(Bg). The constant in the left hand side is optimal and attained by
Ur(z) defined in (1.8). Furthermore, the inequality (1.14) is invariant under the
scaling (1.9).
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Canceling effects in higher-order Hardy-Sobolev
inequalities
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This report is based on the paper [CI]. Complete proofs can be found in [CI].

1 Introduction and main results

Let d : © — (0,00) be a function which agrees with the distance function in such
neighborhood of 0f), and enjoys the same regularity properties, but in the whole of
2. Given p € [1,00] and o € R, we denote by LP(2,d*) the weighted Lebesgue space
equipped with the norm defined as

[ull o(oam) = ( / I dm>;

for a measurable function w in 2. Moreover, if m € N, the notation W™P(Q,d*) is
adopted for the associated Sobolev space of m-times weakly differentiable functions u
in 2 endowed with the norm

m
[ullwms@any = Y IV7ull o @,ae),
=0

where V7u stands for the vector of all derivatives of u of order j. We also simply denote
Viu by Vu; also, VPu is nothing but u. The notation Wy"*(€,d®) is devoted to the
closure of C§°(2) in W™P(Q, d®).

A classical Hardy-Sobolev inequality asserts that if €2 is a bounded Lipschitz domain,
and

a#p_la

then there exists a constant C such that

i B

< Cllullwir,ae)
LP(Q,do)
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for every u € Wy?(Q,d*) [Ku, Theorem 8.4]. On the other hand, inequality (1.1) fails
for the critical value o = p — 1.

The main purpose of the present paper is to show that, this notwithstanding, suitable

higher-order versions of inequality (1.1), which cannot just be obtained from (1.1) via
iteration, do hold even when oo = p — 1.
A prototypal second-order inequality may help to grasp the spirit of our results. Assume
that €2 has a smooth boundary, so that d is also smooth in a neighborhood of 0€2. Let
u € WiP(Q,d"~1). A standard property of the distance function ensures that |Vd| = 1
in a neighborhood of 0f2, whence

12 ()] [5 -] e

Vol

a.e. in the same neighborhood. Inequality (1.1) cannot be exploited to infer that the

functions Wdul and ‘“l belong to LP(Q, dP~1). In fact, membership to LP(£2,dP~!) of nei-

ther of these functlons is guaranteed under the sole assumption that v € VVO2 P(Q, dPh)
(this can be verified, for instance, by taking Q2 = (0, 1), and considering functions u(z)
decaying like xlogfa(%) as ¢ — 07, with a € (0, %]) Nevertheless, we show that the
inequality

(1.3) < Cllullwer@,ar-1),

[ F——

holds for some constant C', and for every u € VVO2 P(Q, dP~1). This is possible thanks to
a canceling effect which allows the leftmost side of (1.2) to have stronger integrability
properties than each addend on its rightmost side.
In the case when p = 1, such a striking phenomenon has been elucidated in remarkable
contributions, by which ours is inspired, of Castro and Wang [CW], for n = 1, and of
Castro, Davila and Wang [CDW1, CDW?2]|, for any n > 1. In this case, non-weighted
Lebesgue and Sobolev norms appear in (1.1) and (1.3), and in their higher-order coun-
terparts from [CDWZ2].

The arbitrary-order version of inequality (1.3) to be established asserts that, if
1 <p<oo,and k,m € N, with m > 2, and 1 < k < m—1, then there exists a constant
C such that

(1.4) < Cllullwmr@.ar-1)

H dm—F Hwk,p(gydpl)
for every u € Wy (Q,dP~1).

Inequality (1.4) is in turn a special instance of our most general result, stated in the
following theorem, where Sobolev type spaces associated with different Lebesgue norms
and distance weights are allowed on the two sides of the relevant inequality.

Theorem 1.1. Let € be a bounded open set with a smooth boundary in R™, n > 1, and
letkmeN, m>2, and1 <k<m-—1. Assume that 1 <p < g < o0, and

s nopm—k)

(1.5) -

| =
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Let
g(n—1) —pn—q)

(1.6) r> 5

Then, there exists a constant C' such that

(1.7)

u
< m, —
IR T —
for every u € WP (Q, dP~1).
Remark 1.2. Conditions (1.5) and (1.6) in Theorem 1.1 are sharp. The assumption
that k£ > 1 is also sharp, since inequality (1.7) breaks down for k = 0, as pointed out
in the discussion above.

2 Inequalities in the half space R/

This section is devoted to a Hardy-Sobolev inequality in the half-space, contained in
Theorem 2.1 below. This is a key step towards the proof of Theorem 1.1.

Theorem 2.1. Let km e N, m>2and1 <k <m—1. Assume that 1 < p < ¢ < 00,
1_l_Be ock+ ;%17 and o < B < a+ (m — k). Then, there exists a constant C

P q n
such that
¢\
vk(ﬂgw d:c) gc(/
Ty~ R

(2.1) / e
RY

The proof of Theorem 2.1 rests upon several lemmas. The first one is a one-

dimensional version of its, in the special case when p = ¢ and a = 5.

1
p

&P |V ul? dx)
n
+

for every v € Cg°(R?%).

Lemma 2.2. Let km e N, m>2and 1 <k <m—1. Assume that 1 < p < oo and
a< k+ 7%1. Then there exists a constant C' such that
p
d7“>

ey ([l d (D) ) <o [T

for every f € C§°(0,00).
Proof. This lemma can be proved by following the idea in [CW]. An application of
Taylor’s formula, with remainder term in integral form, tells us that

3=

amf
drm

(7)

(2.3)
d* ([ f(r) 1 ndmf s\m—k-1 rg\k=1 g
& (S0 _ T £ A
drk <rm—k> (m—k—l)!/o dsm (s) ( r r r2 s forr =
see [CW, Proof of Theorem 1.2]. Hence, since (1 — f)mfk*l <1if0<s <r,one has
that
d* [ f(r) 1 "o ldmf
(2.4) s (ka) < D (m = F = 1)1 /0 S e (s)|ds forr > 0.
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Owing to the assumption that a < k + ’%, inequalities (2.3) and (2.4), combined with
a classical one-dimensional Hardy inequality [KKu, Theorem 5.1], ensure that
PN
ds) dr)

([ i (B[ ) < i ([ e
sc(/ooor 4 dr)

drm
The following result is a kind of combinatorial identity. In its statement, we use the
abridged notation
k] ={1,2,... k}.

Lemma 2.3. Let k € N, and let ay,as,...,a, € R. Given I C [k], define ag = 0, and
ar = era; if I #0. Then

eld™f

ds™

= (8)

for some constant C. O

(2.5) k! l_Iaz Z *EN (ar +s5)F for s €R,

=0 IClk

where #1 denotes the cardinality of I.

The next lemma is concerned with the special case when o = /3, and hence p = ¢, in
Theorem 2.1.

Lemma 2.4. Let kmeN, m>2 and 1 <k <m—1. Assume that 1 < p < oo and
a< k+ 7%. Then there exists a constant C' such that

oo ([l (U2)w) se ([ wivarar)

for every uw € Cg°(R?%).

Our last intermediate step consists in an estimate for the left-hand side of inequality
(2.2), involving k-th order derivatives of u(x)x® ™, in terms of the k-th and (k + 1)-
th order derivatives of the same expression, but with different weights. Note that no
condition on the trace of u on R’} is required here.

D=

Lemma 2.5. Let kkme N, m>2and 1 <k <m—1. Assume that 1 < p < g < 00,

}D — % = ﬁ%, and o < B < a+ 1. Then, there exists a constant C' such that

for every uw e C*(R?%).



3 Inequalities in bounded domains

Given a bounded smooth open set {2 with smooth boundary in R”, with n > 1, we
make use of an orthogonal coordinate system which, in a sense, rectifies 02 in a suitable
neighborhood inside ). By the latter expression, we mean a subset {2, of €2 of the form

(3.1) Q. ={reQ:dz) <e}

for some € > 0. Let ¢ be small enough for d to agree, in €1, with the distance function
from 0. It is well known that ¢y can be chosen so small that, for every x € €., there
exists a unique y, € 0f fulfilling

(3.2) r = yo + d@)0(y),

where v denotes the inward unit normal vector on 0f).
Since 0f) is smooth, for every xy € 9 there exist an open neighborhood U(z) of xg
on 02, a radius ry > 0, and a smooth diffeomorphism

O : B"H0) — U(xo).
Next, define @ : B1(0) x (0,e9) = R" as
(y) = (7) +yuv(2(F)) fory € ByH0) x (0,€0),

where y = (¢, yn), and ¥y = (y1,- - ,yn_1). By (3.2),

(3.3) yn = d(@(y)) for y € B1'(0) x (0,¢0).
On setting
(3.4) N(zg) ={x € Qyy : yr € U(20)},

one can prove that the map ® : B»~(0) x (0,&9) — N (o) is a smooth diffeomorphism.
In particular,

N (o) = (B, 1(0) x (0,20))-

As a consequence, there exists a positive constant C' such that

—/ / v))|dy,dy </ z)|dr < C/ / y))|dy,dy
Bn 1 N(Z‘o Bn 1

for every function f € L'(N(zo)).

In preparation for the proof of Theorem 1.1, we establish the following local version.

Lemma 3.1. Let Q, p,q,7,m,k be as in the statement of Theorem 1.1. Given any
point xq € 0%, let N'(xg) be defined as in (3.4). Then there exists a constant C' such

that
o () ) s (] or wors)

(3.6) ( /N ey

for every u € C§°(N(xy)).
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ON THE BOUNDEDNESS OF COMPOSITION OPERATORS
ON REPRODUCING KERNEL HILBERT SPACES WITH
ANALYTIC POSITIVE DEFINITE FUNCTIONS

ISAO ISHIKAWA, MASAHIRO IKEDA AND YOSHIHIRO SAWANO

ABSTRACT. This note reports what is obtained in an on-going work done
jointly with Masahiro Tkeda and Isao Ishikawa.

1. MAIN THEOREM

We denote by m. the pointwise multiplication operator on L?(@): m,(h)(§) :=
efzm'zTgh(f). For each n € N, the space P, C C[&1, &, . . ., &) stands for the linear
space of all polynomials having (total) degree at most n. We define

G(u) = {A € GLg(R) : a(AT¢) > Mu(€) for some A > 0}.

If the decay of u is strong enough, the boundedness of the composition mapping
forces f to be affine as our main result below shows.

Theorem 1.1. Let u € C N L* be such that @ € L' N L*> and that U is non-
negative almost everywhere, and let k(x,y) = u(x — y), so that k is positive
definite and hence it generates a reproducing kernel Hilbert space Hy. We impose
the following four conditions on w:

)
. . M P 12(a)
) sup | limsup sup < 00,
zeC n—o0 PeP,\{0} ”PHLQ(ﬁ)
)
)

there exists QQ € G(u) such that —Q € G(u),
G(u) spans My(R), that is, (G(u))r = Mg4(R).

Then for any open set U C R% and any map f : U — R%, the map f is a
restriction of an affine map of the form
f(z) = Az +b

with A € G(u) and b € R? if and only if go f € Hy,, for all g € Hy and the
composition operator g € Hy, — go f € Hy, is a bounded linear operator.

Yoshihiro Sawano is partially supported by Riken, Grant-in-Aid for Scientific Research (C)
(19K03546), the Japan Society for the Promotion of Science and Peoplefs Friendship University
of Russia.
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CLOSED SUBSPACES IN MORREY SPACES,
MORREYUOUOOOOOODODOOO

BY YOSHIHIRO SAWANO

ABSTRACT. The goal of this report is to collect some important closed sub-
spaces. We give many examples showing that these closed spaces are different.
This is based on joint works with Denny Ivanal Hakim.

1. MORREY SPACES

1.1. Definition. We aim to consider various closed subspaces of Morrey spaces.

Definition 1.1. Let 0 < ¢ < p < oo. For an L{ (R")-function f, its Morrey
norm is defined by

(1) Il = sup [Blar)is (/ ( )!f(y)\qdy>q

n+1
(z,m)eRY

As the following theorem shows, we can say that Lebesgue spaces are realized
as a special case of Morrey spaces.

Theorem 1.2. For 0 < p < oo, Mb(R") = LP(R") with coincidence of norms.

Definition 1.3. Let 0 < ¢ < p < oo. For an L] (R")-function f, its local
Morrey norm is defined by

e = s |Blr) (/ ( )|f(y)|qdy)q

(x,r)ERTrl,x:O

1.2. A prominent example.

Example 1 (Self-similar decreasing sequence for M?(R")). We let p > ¢ > 0
and R > 1 be fixed so that

_1 1 _1
(1.2) (1+R) »=24(1+R) 4.
It is noteworthy that the case where R = 2 corresponds to the ternary Cantor
set. For a vector ¢ € {0,1}", we define an affine transformation 7. by 7T.(x) =

Yoshihiro Sawano is partially supported by Riken, Grant-in-Aid for Scientific Research (C)
(19K03546), the Japan Society for the Promotion of Science and Peoplefs Friendship University
of Russia.
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1 R ‘
T Rx—l— TR (x € R"). Let £y = [0,1]" and Ejo = [0, (1+ R)~7]". Suppose
that we have defined Ey, Ey, Es,...,Ej, j € N. Define E;; = | T.(E)).
e€{0,1}»
Then we can show that
(1.3) IxE; g ~ (L4 R) 7 = lIxm;0llag = IxEs0llee =[x, 2o

2. DEFINITION OF CLOSED SUBSPACES

We deal with closed subspaces of Morrey spaces. As we will see, we can generate
closed subspaces starting from linear subspaces satisfying the lattice property.
The following is the key ingredient for us to create closed subspaces.

Definition 2.1 (UM?(R")).

(1) A linear subspace U(R™) C L°(R") enjoys the lattice property if g € U if
feUand |g] < |f]
(2) Let U(R"™) C L°(R™) be a linear space with lattice property. For 0 < g <

p < 00, define UMZ(R”) = U(Rn) N M{J’(Rn)M‘?(Rn)'

The spaces of U we envisage are the following. Due to its importance we state
them as the definitions.

Definition 2.2 ( MZ(R"), ME(R"), ME(R™), M?(Q) ). Let 0 < q < p < oo.

(1) The case where U = L*(R"): The bar space MF(R") stands for the
closure of L>*(R") N MP(R™) with respect to M?(R").

(2) The case where U = LY(R™) = {f € L°(R™) : supp(f) is compact }: The
star space ./\*/l{I’(R") stands for the closure in MP(R") of LI(R™)NME(R™).

(3) The case where U = L®(R") = L*(R") N LY(R"): Denote by Mg(R"),
the tilde subspace, the ME(R")-closure of LZ(R") = L¥(R") N ME(R™).

(4) Let Q C R™ be a measurable set. Define L°(€2) to be the subset of L°(R™)
which consists of all measurable functions which vanish almost everywhere

outside . Let U = L°(Q). Then we obtain the closed subspace M? (1)
of all f € ME(R") for which f vanishes almost everywhere outside (2.

We do similar things for local Morrey spaces.

Needless to say, L*(R™) is dense in LP(R") for 0 < p < co. Hence, the above
definition is significant only when 0 < ¢ < p < o0.

Example 2. Let 0 < ¢ < ¢ < p < co. We may take U = M’g(R”). Note that
UME(R") differs from MP(R™).



Recall that the Morrey space ME(R") with 0 < ¢ < p < oo is defined as the
set of all f € Li (R") for which || ||,z = supm(f,p,q;7r) < oo, where
r>0

loc

m(f.prqr) = sup |Ba,r)]H ( / ( )If(y)lqdy)q (r > 0).

rER™

Using m(f,p, q;r), we can consider the following subspaces.

Definition 2.3 (VopM2(R™), Vi ME(R™), VO ME(R?), Vil MP(R™). Let 0 <
qg < p<oo.

(1) The vanishing Morrey space VoME(R™) at 0 is defined by
WMG(R") = {f € MGR") : limm(f,p,¢;7) = 0}.
(2) The vanishing Morrey space Voo ME(R™) at infinity is defined by
Vi MB(R") = { f € MI(R™) + Tim m(f,p,q;7) = 0}
(3) The space VW ME(R™) is defined as the set of all functions f € ME(R")

such that lim (sup/ |f(y)]qXRn\B(N)(y)dy> = 0.
N—o0 B(l‘,l)

zeR™
(4) The space VO(LLM{J’ (R™) is defined as the intersection of these three spaces.

Note that VOSZ)OM{; (R™) coincides with MVZ (R™).
Theorem 2.4. Let 0 < ¢ < p < o00. Then
LP(R") C VoME(R™) N Voo ME(R™) N VO ME(R™).

In particular, LP(R™) C VL MP(R™) = M2(R™) = M2(R™) N MP(R™).
Definition 2.5 (.KA{])(R”)) Let 0 < ¢ < p < 0o. Then define the Zorko subspace
<&
MG(R™) by

<

MIR") = {f € MIR") : ?lJi_r)r[l)f(- +y)=fin ME(R”)}.

The Zorko subspace is also called the diamond subspace.

3. CHARACTERIZATIONS AND INCLUSIONS

As before, we are interested in the case of p # ¢q. If ¢ > 1, then we have the
following characterization:

<&
Theorem 3.1. Let 1 < q¢ < p < co. Then f € ME(R") belongs to ME(R")
if and only if f belongs to the closure with respect to ME(R™) of the set of all
functions f € C*(R") N L®(R") such that 0°f € ME(R") for all a € Ny™.

100
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Theorem 3.2. Let 0 < ¢ < p < oo. Then MVZ(R”) C MP(R™).

Proof. This is because the translation f — f(y + -) is continuous in LP(R™). We
use convolution to conclude Mvg (R*) € ME(R™). O

Theorem 3.3. Let 0 < ¢ < p < oco. Then M2(R™) C Vo MP(R™).

Proof. Simply observe that L>(R") N MP(R™) C Vo ME(R™). O

We compare /C/lf;(R”) with VI MP(R™).
Theorem 3.4. Let 0 < ¢ < p < co. Then /{k/lg(]R”) C VEMP(R™).
Proof. Simply observe that LJ(R™) N ME(R"™) C VI ME(R™). O

We will show that MZ(R") = VO(’Z)OM%;(R").

Theorem 3.5. Let 0 < ¢ < p < co. Then M2(R™) = Vil MB(R™).

Proof of //\/lv’q”(R") C Vd{ilMg(R”). Since LX(R™) C %SQMZ(R"), we have
My(R") C VoL Mo(R")

oo

by taking the closure with respect to M?(R"). d

Proof of MZ(R”) D Vo(f) ME(R™). To verify the converse inclusion, we let f €

(e 9]

Vi MP(R™). Fix Ry, Ry, S > 0 50 that Ry < Ry. Then
If = xor(fDxsw fllve < sup  m(f,p,q;r)+  sup  m(f,p,qr)

zER™,r>Ro z€R" r< Ry

+ sup m(f,p,q;r)
2€R™\B(S),R1 <r<Rs

+ sup m(f — xp.r(f)xB@f 06 T).
2€B(S),R1<r<Rs

We note that

sup m(f = xo.r(fDxB® D ¢T)
IEB(S),Rl <r<Ra

< C(Ry, Ry, S,7)||f = xpo.m) (| F)xB(R) [ || La(B(S+R2))-

Thus, by the Lebesgue convergence theorem
hgl sup || f — X[O,R](|f|)XB(R)fHM§
— 00

< sup m(f,p,q;r) + sup m(f,p,q;r)+ sup m(f,p,q;r).
TERM™ TER™ z€R™\B(S)
r>Ro r<R; R1<r<R3
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If we let Ry [ 0, Ry — oo and S — oo, we have
timsup £ = xjo,r (1 D) fllagg = 0O
—r 00

Since 0,7 (|f])XB(R)f € LZ(R n), we obtain the desired result. O

4. CONCRETE EXAMPLES

Example 3. Let 0 < ¢ < p < o0, and let f(z) = \x|_%,x € R™.

(1) f= klim XB(k [ fails in MP(R").
—00
(2) klim XBk-1)f = 0 fails in ME(R").
—00
(3) We can conclude that an analogue of the Lebesgue convergence theorem
fails for Morrey spaces.

Example 4. Let 0 < ¢ < p < co. Then since xgn) € LP(R"),
<

X € VoME(R™) N Voo ME(R™) NV ME(R™) N ME(R™).

In particular, xyou) € MA(R") = VO(;)OM];(R”) = MP(R") N ME(R™).

Example 5. Let 0 < ¢ < p < co. Define f(z) = |a:|*%XB(1)(x) for x € R™.

(1) fe ﬁg(R”) since f is compactly sup;:Lorted.

(2) f ¢ ME(R") since f behaves like |- |~ » near the origin.
(3) f & ME(R™) since f ¢ MP(R"). )

(4) f ¢ VoME(R™) since f behaves like |- |7 near the origin.
(5) fe VO(Oj\/l{I’ (R™) sir.lce f is‘, compactly supported.

6) f e \i ME(R") since f is compactly supported.

(7) f ¢ ME(R") since f & MP(R™).

Example 6. Let 0 < ¢ < p < co. Define f(z) = |x|7%XRn\B(1)($’) for x € R™.

(1) Since f behaves like | - | "> away from the origin, f ¢ /\*/l{;(R”).

(2) Since f € L*(R") N MP(R"™), f € MP(R").

(8) Since f ¢ My(E"), ] ¢ Np(R").

(4) Since f € MP(R™), f € VoMP(R™).

(5) Since f behaves like |- |77 away from the origin, f ¢ Voo ME(R™).

(6) Since f(x) — 0 as x — oo, f € VW ME(R™).

(7) If ¥ € C*(R™) satisfies xpay < ¥ < Xxp), then f —k € LP(R") C
ME(R™), Whel;e k(x) = |z|7» (1 —¢(z)) for z € R". Since k € MF(R"),
we have f € MP(R").

6
7
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Example 7. Let 0 < ¢ < p < oo, and let f(z) = (|22 + 1) for z € R™.

(1) Since f behaves like | - |"» away from the origin, f ¢ /\*/l{]’(R”).

(2) Since f € L*(R") N ME(R™), f € MP(R™).

(3) Since f & MP(R™), f & M{J’_(R”).

(4) Since f € VoME(R™), f € MP(R™).

(5) Since f behaves like | - |_§ away from the origin, f ¢ Ve ME(R™).

(6) Since f behaves like | - |"#» away from the origin, f € V(*)MZ(R").

(7) Since f € C®°(R™) N L>*(R™) and satisfies 0*f € M (R™) for all multiin-
dexes a, f € /&Z(R”).

Example 8. Let

6
7

H(t) = xpou(t —k+1—kvma)sin® (@ x(t — k+1— ki) (t€R).
k=1
Let G = supp(H).

1) H ¢ ME(R), since [H| and x¢ behave almost similarly.
2) Since |H| < xo € ME(R), we see that H € M2(R).

(1)
@) *
(3) Since H ¢ MI(R), H ¢ M2(R).

(4) Since H € M?(R), H € Vo MP(R).

(5) Since |[H| and xg behave almost similarly, H ¢ Vi, ME(R).
(6) Since |H| and x¢ behave almost similarly, H ¢ V) ME(R).
(7)

7) H ¢ Mp(R™).

Example 9. Let 0 < ¢ < p < oo. Show that LM?(R") and LM?(R") are
different in the sense that one is not contained in another. Hint: Let f(z) =

XB(1)(ZL")|CU|_% and g(z) = XRn\B(l)($)|$|_% for r € R". Show that f € LM#(R")\
LM?(R™) and that g € LM2(R™) \ LME(R™).

Example 10. Let 0 < ¢ < p < 00, and let f(z) = |x|7%,x € R™

(1) Let E be the set defined above. Then x5 € LME(R") \ L/\*/lfl’(]R").
(2) xB.f € LME(R™) \ LME(R").
(3) f € Mp(®R")\ (LA3(RY) ULMEZ(R")).

5. HISTORICAL REMARKS

e The definition of vanishing Morrey spaces at 0 in Definition 2.3 goes back
to the work of Vitanza [12].



e We refer to [9] for commutators acting on these spaces. See [7, Definition
1.1}, [13, Definition 2.23] and [10, Definition 4.5] for bar spaces, star spaces

and tilde spaces, respectively. Density of simple functions in M{J’(Rn) can
be found in [6, Remark 3.2]. See [6, Lemmas 3.3 and 6.4] for different

characterizations of MP(R™).

e As an application of the theory of closed subspaces in Morrey spaces, we
can obtain some characterization of closed subpsaces; see [6, Lemmas 4.1,
4.2 and 6.2]. We refer to [13, Theorem 2.29] for more.

e The Morrey space M?(R") does not have C°(R") as a dense closed sub-
space; see [11, Proposition 2.16].

e Vanishing Morrey spaces at 0 are studied from various aspects. See [2]
and [3] for fractional integral operators and Marcinkiewicz intergrals as-
sociated with Schrodinger operators, respectively. Cao and Chen handled
Toeplitz-type operators in [5].

e Zorko explained that the set of smooth functions in Morrey spaces can not
approximate Morrey spaces [14, p. 587]. Actually as in Theorem 3.1, she
pointed out in [14, Proposition 3] that the translation and the convolution
are closely related.

e We refer to [13, Definition 2.23| for /&Z(R”) and to [10, Theorem 4.3] for
M (R).

e See [6, Lemma 2.1] for Theorem 3.1.

e The space L»*(R") in [4] is nothing but the diamond subspace.

e Adams pointed out that any element in diamond subspaces can be ap-
proximated by the smooth functions in his textbook [1].

e See [6, Lemma 3.1] for a different characterization of M~ (R™).

e Example 8 can be found [8, Example 1.4].
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Uncertainty Relations For Quantum Channels

Kenjiro Yanagi

Josai University

1 Introduction

= EHRERTIE, & TREE (density operator) p D& & TYJEEE (self-adjoint operator) A
ZBIIL 72 & & OIfHEIZ Tr(pA) TRI N, 7780UE Var,(A) := Tr(pA?) — (Tr(pA))* TK
IndZehHontTnsd. &TREp DH L T2O0YHE A, BIZH L T Heisenberg
uncertainty relation IZIROAEXNTHZ 6N T W5,

Var, (A)Var, (B) > 1| Tr(p[A, B))F
X 51T & D IRWAEAD Schrodinger IZ & > THRELSNT WS
Var, (A)Var, (B) — [Re(Cov, (4, B))? > §[Tx(o[4, B}

772U [A,B] .= AB — BA ¥ A,B ® commutator T® bV, covariance |& Cov,(A) :=
Tr(pAB) — Tr(pA)Tr(pB) THA 6N 5. Luo (8] EAHEMEZXITEL LT

\/Varp — (Var,(A) — 1,(A))2.
ZEALT, U,(A) IZ2WTOD Heisenberg B D ARERDHLAR % 1572

U(A)U,(B) = {[Tr(plA, B])I
WD DHIXTHWONDHEELZEAT S,

Definition 1.1 M,(C) % n x n EHEFIEIK. M, (C) & nxn TV I— MFHIEIK,
M, (C) & nxn IEEMEERTIIRIEK, M, 1(C) & nxn BETIIRKETE. £k
M, (C) E® Hilbert-Schmidt inner product IFIRD X S IZERINS.

(A B)HS = TT‘ A* ZZazj i
=1 j=1
272U A= (a;j), B=(by) &35%. Ae M,(C) IZH LT left multiplicative operator
& right multiplicative operator ZIRD X D IZEHET 5.

Li(X) = AX, Ra(X)=XA, (X € M,(C)).
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Definition 1.2 f : (0,+00) — R (ZIRDFEM 29 & &, EHZRBEFBEE (operator
monotone function) £\ 5. A Be M, (C), 0<A<B=0< f(A) < f(B).
TEFIZBGHBIE f X f(x) = of (x7)) 2729 & EAFR (symmetric), f(1) =1 ZiE7=9

& & normarized £ \N5.  E 7z symmetric normarized operator monotone function D4

k% F, £95.
Example 1.1
2 1 —1 1\?
frep(7) = Ifla fsep(z) = x;— , fBrMm(T) = Togx’ fwy(z) = (\/E; ) ,
12
fwyp(r) = a(l —a) (z—1) a e (0,1).

(o= D= 1)

[ € Fop ITXRL T f(0) = lim, o f(z) &H <. regular function & non-regular function
FENETNIRD LD ITERIND.

Fop =S € Foplf(0) 0}, Fo, = {f € Foplf(0) = 0}

Definition 1.3 ([3],[5]) f € F,, WXL T f(x) = % {(x +1)— (z — 1)2%} , >0
LEFTD.
Example 1.2

~ B o -« -

fwy(x) =V, fwyp(z) = %’ fseo(x) = xz—lg—cl'

Proposition 1.1 ([3],[4]) f— f & F, & Fr, OO 14 1 EE 52 5.

Kubo-Ando G ([6]) &V, matrix mean m; I& operator monotone function &{XMDEH
BT 6N, fe FITRUT mp(A B) =AYV f(ATV2BAT V) AYV2 721
A, B € M, (C). #Z T monotone metrics ZIXRD K I IZEHRTHIELNTES.

p= S Mool € Moy a(C) ERLT(X,Y)y = Tr[X*my(L, R,)'Y], XY € M,(C),
=1

=72 L
my(Lp, Ry) ™ =D (N Aj) ™ Ligyyou Rigyey) £ REND T LITHRT 2.
2
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2 Generalized Quasi-metric adjusted skew informa-
tion
g, f € Fi IEX U TIRDEM (A) 2525, g(z) > k

(z—1)
f(z)
Definition 2.1 X,Y € M,(C),A,B € M, (C) iz L TIR%EEHET 5.

Ag(a:) =g(x) —k € F,p &L IROEME (B) BFEAS. g(x) + Ag(x) > (f(x), €>0.

TY%(X,Y) = k((La— Rp)X,(La— Rp)Y);
= kTr[X*(La— Rg)my(La, Rg) ' (La— Rp)Y]
= Tr[X*my(La, Rp)Y] = Tr[X*mys(La, Rp)Y],
VPH(X,Y) = Tr[X*mg(La, Rp)Y] +Tr[X myy (La, Rp)Y],

195 (x) =D (x, x), 109 (x) = v (x, X),

D0 = 1§D 00 - 180 (),

3 Quantum Channels ICEEY 5 A~FK

BEREpe M, (C) ZETEFE O 12> T O(p) TEMINIGEZES. —IC
B RERKIT Kraus REETRIND Z 2 BHoNTWS., Tabb

= KipK;, ZK*
=1

n

Thd. ZO&ZE O IZHTS p D coherence ZIRTEFET S. I(p, P Zl(gf 5)

L7z8oTp DARY PVAR p=> " Xil¢i) (]| £V L IXE1F5.

T0®) = 20D (ms(hssXe) = mag Oy A0
i Js
= Z;(mg()\j,)\k)_mAg(Aj,Ak))|<¢j|Ki|¢k>|2
= QZJZk(mg()\j»)\k)—mAg(%)\k))|<¢j!Ki\¢k>’2-
i g<
B & DTIRDARERDED LD, I(p, @) <2 (my(X, \e) — mag (s A))-

j<k

I(p, @) IZDOWT OHBIAHEENMERRAE SN 5.
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Theorem 3.1 & U % ZNZLIIRD Kraus ZEl% D 2 DD quantum channels £ 3 5.

=Y KipK;, Y K/K;=1 U(p)=> LipL;, Y LiL=1.
i=1 A =1 i
ZDEEIRMVED LD,
I(p,®) + I(p,T) >1nw( }:nmxuvf (K + L), 197 (I — La) ),

772U S, X n-element permutation group T 7 € S, IXMEED n-element permutation

95,

IRD LSBT ZHD 2n x 2n {18z G L BK.
T (K, K)

w1

F( ’f)(Ki,Lj n)

\/ng f) \/Ip )

F(gf)(Ll naK)

\/[gf Li_ n \/Igf

Fggpf)(Li ny Lj n)

Ve

ZDL ZROMEAHEEHER-ERIEEONS.

,1<4,5<n

,1<i<nn+1<75<2n

n—|—1§i§2n,1§j§n

n+1<12,5<2n

Theorem 3.2 Theorem 3.1 LRI UM ZIRET S, ZD & ZWMBKD LD,

19D (S (K + Ly)),

i

I(P7®)+I(Pa\y)2m

72720 Mnae(G) & is G D KEEMETH 5.
Theorem 2.1 (1), (2) Z#H$ 5 LIROEH 215 5.

Theorem 3.3 Theorem 3.1 LRIUERMGEZRET D, ZDE E5ME (A) DB & TIRMVK
DALD.

(1) I(p, E:wa KNG (L) > Y [0 (K, L) .
0]

) X IR (B) REET S
U )00 %) = YUK UG 1) 2 K TG, = L
J

i?j



4 Examples
f(x),g(x) EULTIRD2DDH% 52 5.

Example A g(z) = 2, f(z) = a(l — a)& L= {0 _ ali—a)

(xe—1)(zl—>—1)> T2 2

= TN = AT = A (5| Kl ) .

i g<k
f%ﬂiozz%@&%li

2

Lo @) =32 3 (VA = VAW lesl Kilow)

Example B g(z) = f(z) =2 k=0 -1 zprx
PRTE B) i R INTAPATY

quantum channels & UTIRD 3 2DHl% 52 5.

Example 4.1 (1) Phase damping channel : ZK pK}, 7272 L

=000l + V1 =pI)(1], Ky=pl){1], 0<p<1.

(2) Amplitude damping channel : Z LipL:, 7272 UL

=000l + V1 =pI1)(1], Lo =plO)(1], 0<p<1.

(3) Other channel : Z(p Z EpE}, 7272 UL

— O)(1] + /T = p|1)(0], E»=+/pl1){0], 0<p<l.

110

LD E

fEFE D 2RJT density operator & —f&IZ1d p = $(I+r-0) TRINS. 7272 L [ identity
operator TH 5. r = (r,ro,r3) & |r|> =12 +r% +r8 <1 ZW7Z9 3L T b &g

5. Flo=(og040,) ZNVVITHET S, ThbDD.

01 0 —1 1 0
Oyx = y Oy = . y Oz = .
10 i 0 0 —1

L7235 T p IZIRDITFFITRINS.

1 1+ry ri—irg
p_2 7”1+i7”2 1—7“3 ’
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p DEAMEIE N =2 N, =

1 Tl_ 1 Tl—’iTQ
[01) = 2[r|(|r| = 7s) < r| =73 > %)= 2[r|(r| +7s) ( Il = ) |

Example A £ Example B T4 X 5 #1172 quantum channels (ZX/3 5% p @ coherence I
FNFIIRD & S 1272 5.

[Example A]
(A =T=p)r} +73)
R T
(A= VT=p)(r} +13) +pr]
Ip, W) = 21+ /1)
=y = 7|+ 72 — /T —p(r? — r%)
21+ /1 - [P

1(0,®) = 50— VT=p)(Ir ~ ),
10.9) = 50— VT ) + V1= pr3),

1
L(p,2) = AIrP* + 75 = V1= p(ri = r3)}-
VIR OBAIT B IR D 2.

[Example B]

I(p,®) < I(p, V) < I(p,Z).

5 UR for Unitary Operators

= IREE p € M, 1(C) % unitary operator U TEMI NDGE%HS. U ITT 5
p @ coherence [FIRTH A HN5.

I(p.U) = 15D (U).

Theorem 5.1 U,V % 2D® unitary operators £ 5. ZD& X

—_

1) 1(p,U) +1(p,V) 2 SI(p, UL V).

(2) I(p,U)+ 1(p,V) >

I(p,U+V),, =7ZL

/\mam<G)
1 F;E??E’f)(U’V)
G VIGOVTeY) | \(U.V)
- (9.f) ) maw
FP»P (V,U) 1 \/I \/[ p’

VI V)/1(pU)



Theorem 5.2 V,W % 2D® unitary operators £ 3 5. ZD& Z5M: (A) DT TIRDVHK
DILD.

(1) I(p,V)I(p,W) > |T@N(V, W)[%
(2) & SITEM (B) 2INET 5 LR D L.
Ulp,V)U(p, W) > kl|Tr[V*|L, — R,|W]|*.
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