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Orlicz-fractional maximal operators in Morrey and
Orlicz-Morrey spaces
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1. Introduction
i H O fractional integral operator I, % E#* 3 5.

Definition 1. 0 < @ < n 12X L T
(y)
I, f(x) := f SO _,,
re |X — Yl

YXIZ Young function B % & A3 5.
Definition 2. % B : [0, c0) — [0, c0) %* Young function T % & &, MR, (HEI%K, H

FHEE NI, B(0) = 0, & 512 1lim B(f) = oo 2723 £ § 5. X 51T complementary Young
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B(t) := sup(st — B(s)) (t > 0).
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Z DFE{#H T, Proposition BT EWT M, & Mp, \ZHAET 5.

2. Main results

Theorem 1. 0$a<n,0<p§p0<§,1<q§q0<oo,ql0:
\Z, Young function BIZX U T, D(t) := B(t)log"(r) £ 5.

(i) p>1,Br € B, T3, My, : M - MP.
(i) p=1,D@) st (1> 1) D&, Mg, : M) > M.

(iii) 0<p <1, BO St (2 1) 2T BE, Mgy : M2 — M,
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Dual of Choquet spaces with weighted Hausdorft
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Introduction and Results

The purpose of this talk is to determine the dual of the Choquet spaces with the
weighted Hausdorff content by defining a variant of weighted Morrey spaces of Radon
measures. Let n > 2 be the spatial dimension. For d,0 < d < n, and non-negative
measurable function w, the d-dimensional weighted Hausdorff content of £ C R" is
defined by

[e.9]

HY(E) :=inf {ZT?]{S( | .)w(y) dy: E C U B(acj,rj)},

J=1 J=1

where B(x;,7;) are balls centered at x; and radius r;, the infimum is taken over all
coverings of F by the countable balls. The barred integral of B, fB f stands for the
usual integral average of f over B. The integrals with respect to H? are taken in the
Choquet sense, that is, the Choquet integral of f > 0 with respect to a set function
HZ is defined by

pamt = [ iR @) > v
0

R

For any [ satisfying [5, | f|P dHZ < oo, we denote

1/p
1 ooy = ( / P ng> |
Rn

We shall say that f € LP(HY), [2, 3], if f is the limit of continuous functions f, with
compact support on R”,

||f_fn||Lp(Hlall))—>0, n — oQ.

The weighted fractional maximal operator of a Radon measure p is defined by

My opi(x) = sup TQM _ b sup |pl(B(, 1))

>0  w(B(z,7)) >0 rde(m) wdy’

where ¢, is the volume of the unit ball and « = n — d. If we set w = 1, d|p|(y) =

|f(y)|dy and o = n —d, M, is the usual fractional maximal operator

r>0

M, f(z) = sup ][ el
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We finally define a variant of the weighted Morrey spaces
L% := {u : Radon measure, || My apt|| po(za) < 00},

where 1 < ¢ < oo. We can define the (semi)-norm on this space by [|ul|pse =

||Mw7ocﬂ||L‘1(Hg)-
The main result of this talk is the following.

Theorem 1 Suppose that w satisfies Muckenhoupt A; condition and

lim Td][ w(y) dy = oo.
B(z,r)

T—00

Then, the dual of LP(H?) is the weighted Morrey space L?¢, where p' = -5 More
precisely, if F' is a bounded linear functional on LP(HY), then there exists a Radon
measure y1 € 124 such that

F(¢)= | édu, forall g € Co(R™).

]Rn
The norm of i satisfies
llalllpra < CLlLE]-

Conversely, if yi € 122,

F(f):= [ fdu, [eLP(H})

RTL

defines a bounded linear functional of LP(H?), and
IEN < Colllpll pr.a-
Remark. When w = 1, the set of Radon measures

Mapi(a) = supr~|ul (B(z, 1)) < C (1)

r>0

is called Morrey space of measures [1, 2]. The above theorem extends the unweighted
result in Adams [2], Theorem 8. It should be remark that Adams denoted the Mor-
rey space of measures by LY, [1, 2], however, it is natural to use the notation 1.°°¢
satisfying (1), so that we can assert LP(H®)* = L4,
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R Al (BORIRIA), N A (JRBOI), 750 S8 (B A)

AR N T N2 D AT I VI TR Birkhoff E AV D F e FREIZ B9 S A5
DEEANATONT NS,

# 1 (Birkhoff iE221 [2]). X 2 K EONFwNEHE L, z,ye X 95, TDEE,
x 2y \Z Birkhoff ER 9% &iE, |z + My|| > ||z|| BT ARTDAL T — X € KITH U TR
THZLEVW, z lpy TRIND,

Z ORI, 1935 412 Birkhoff [2] (Z& D BEA T2, 21T James [3, 4] 12X W~ DEE
BRI N2 Z 2D 5, Birkhoff-James ER MR Y& HIEIEN S, B ETE2 S,
LAV M EBIZBWTIE, AP S E X 5@ OERME L & Birkhoff B L & I1XFH
ETHBHZ DD, ZDOIZLh 6, Birkhoff EXRMIE LI h-ERN (D—D) &
SO TWVWDE, LIV NERTIRERE WD SE—DIZRAEZ 508, —KD/NF v NZERIC
Bmfm Birkhoff i MEIZ BB B EHE OS2 HO TR I NG Z & BE 0,
mz Czl =108 E 2 L y IEBMANTIE {4+ Ay A € K} BREAEROEERE 2B 2

,mﬂﬂ@“é U, James [3] IZ & 2IRDKFHENITE RSN T WD

& 2 (James [3]). X 2 K EONFONEHEL, r,ye X £T5, TDEE v lpy
CHBIL L. BB [ Sy PHELT, f(2) = 2] B2 fly) =0 £ 75 2 ¥ & IRFAMET
HB, TIT, X*IE X OBONZER, Sx- 13T DHRAIRAE 2 KT

rA£0DLE, ZOMBEICHSDLOND [ |z te 2B} 5 X OHABKROEZENERKTH
H5ZLICFERELTEL, ZThoDE#EMED S, Birkhoff ERMEIX, /N v 22RO M Em D #%
2 EmIc B W T, VIR UIREE & E 2 R72T,

T, % L ik, ZTOEEDSFEXME (homogeneity) 2D Z & hbnrd, DF 0,
r1lpy THNE EEDANT—a,B e KIZRHUTaxr L By BEILT 5, — AT, Ll
& A EDGETRIFE (symmetry) 272720, EER. 3 L EDWRICEFFD/NF v NER]]
T.olpy=ylpaBBLTEHDIELILL MEMUIPRNWZ EARHISNTWS ([4]),
ZDENRERMRINTH2 LK, BV, Birkhoff ERMEDXFMEZ D DIZEH U 72
FIITONT I D o7& 5 TH5, LU, 2005 41T Turnsek [8] A% Lp DA
BT amAWES %2 52 Th 6 lk, Arambasié-Raji¢ [1]. Sain [6]. Sain-Ghosh-Paul [7] 5
PP ZEIZIR % 125 A U, Birkhoff i858V @ J& it 6 FRIVE 1375 F8 7 i ST SN & 6 % 3%
7=,

A TIX, Birkhoff MO R RFMEICET 258D —D28 LT, 74Y - ATV
BORIATHIZBE T2 Lg OLEMFRS (left symmetric point) ORFEAT I 2HET 5, IROE
X, Sain [6] 12X 5, 72, BHET S LT, Sain-Ghosh-Paul [7] SR I Nn7z\»,



% 3 (Sain [6]). X # K EOANF v NEREL, 2€ X &5, 20L&, 2 Birkhoff
BRI BT 2 TR TH B el ye X o x Lpy by Lpa BT 22 L%
w3,

IRINAGHEHD EEBTH 5,

EE 4 (B). RE7AY - /A< VBRET 5, L. TORMN R, »° Birkhoff M2
BT 2EMMETO TRVWEDER DRSS, IROWTNNDRNLT 5,

i) R=CTHdHH., R, =C D&KN Birkhoff IR MEDIENFRM & 7225,
(i) R=0THO, peR. =10 (p+#0) » Birkhoff ERNEIZEIT 2 MR TH S Z
e pll7tp e {(a,b) € C?: |a| = |b] = 1/2} LIZFAMETH 5.
(ili) R = My(C) TH Y. pe R, = (M(C), |- |l1) (p+#0) A Birkhoff A MEIZEIT 5/
W THL I e, |p|tpe{Ae My(C):0y=0,=1/2} LIEFAETHZ, ZZ
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Fixed points, absolute fixed points and
convergence theorems for nonlinear
mappings
JEZ5 1 (Sachiko Atsushiba) (ILEKZFRZFEE LR

Let H be a real Hilbert space with inner product (-,-) and norm || - || and let C
be a nonempty subset of H. A mapping T': C' — H is said to be nonexpansive if
|Tx — Ty|| < ||z —y|| for all z,y € C. For a mapping T': C' — H, we denote by
F(T) the set of fixed points of 7" and by A(T) the set of attractive points [13] of
T, i.e.,

(i) F(I)={2€C:Tz=2z};
(i) AT)={z€ H: ||Tx—z|| < |z —z||, VzeC}.

Kohsaka and Takahashi [5], and Takahashi [12] introduced the following non-
linear mappings. A mapping 7' : C' — H is said to be nonspreading [5] if

2|Te —Ty|? < ||Tz — y[I* + Ty — «?
for all z,y € C. A mapping 7' : C' — H is said to be hybrid [12] if
31 Ta — Ty|* < [l =yl + | Tw — yl* + | Ty — =/

for all z,y € C. They proved fixed point theorems for such mappings (see also
(3, 6, 14]). In general, nonspreading and hybrid mappings are not continuous
mappings. Aoyama, lemoto, Kohsaka and Takahashi [1] introduced the class of
A-hybrid mappings in a Hilbert space. This class contains the classes of non-
expansive mappings, nonspreading mappings, and hybrid mappings in a Hilbert
space. Kocourek, Takahashi and Yao [4] introduced a broader class of nonlinear
mappings than the class of A\-hybrid mappings in a Hilbert space. A mapping
T : C — FE is said to be generalized hybrid [4] if there are real numbers «, /5 such
that

ol Tz = Ty|* + (1 — a) |z — Ty||* < BTz —y|I* + (1 = B) |z — yl*

for all z,y € C.

Maruyama, Takahashi and Yao [8] introduced a broad class of nonlinear map-
pings called 2-generalized hybrid which contains generalized hybrid mappings in
a Hilbert space. Kondo and Takahashi [7] proved attractive point theorems, fixed
point theorems and convergence theorems for the mappings.

*Department of Mathematics, Graduate School of Education, University of Yamanashi, 4-4-
37, Takeda Kofu, Yamanashi 400-8510, Japan
e-mail: asachiko@yamanashi.ac.jp



On the other hand, Djafari Rouhani [9] introduced the concept of absolute fixed
points for nonexpansive mappings. He established the existence of absolute fixed
points of hybrid mappings (see [10]).

In this talk, we prove weak and strong convergence theorems for nonlinear
mappings in Hilbert spaces and Banach spaces by using the idea of attractive
points and absolute fixed points.
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MATRIX FUNCTIONS AND MATRIX ORDER

Mitsuru Uchiyama (Shimane Univ., Ritsumeikan Univ.(Guest))
Lawrence G. Brown (Purdue Univ.)

1. INTRODUCTION

Let f(t) be a real continuous function defined on a non-degenerate interval
J in the real axis. For a bounded self-adjoint operator (or matrix) A on a
Hilbert space H whose spectrum is in J, f(A) is well-defined.

Definition 1.1. (i) f is called an operator monotone function on J, denoted
by f e P(J), if
f(A) £ f(B) whenever A < B.

f is said to be operator decreasing if —f is operator monotone.
(ii) f is called an operator convez function on J if

f(sA+(1—5)B) =sf(A)+ (1 -s)f(B)
for every 0 < s < 1 and for every pair A, B with spectra in J. An operator
concave function is similarly defined.

Example 1.1. (i) t* is operator monotone and operator concave on (0, 00)
for0 < A <1,

(ii) For 1 < A\ < 2, t* is operator convex but not operator monotone.

(11i) 1/t is operator decreasing and operator convex on (0, 00).

(iv) tant € P(—m/2,7/2).

The Léwner (or Loewner) theorem (1934) says that a Cl-function f
is operator monotone on an open interval J if and only if f possesses a
holomorphic extension f(z) into the open upper half plane I which maps
I1; into itself (unless f is constant), namely f(z) is a Pick function. In this
case, f(t) has an integral representation:

o0

(1) ﬂw=a+m+/ (

— 00

T n 1
2+1 -t

)dv(z),

where « is real, § = 0 and v is a Borel measure so that

> 1
/ O 1dy(x) < oo, v(J)=0.

Bendat-Sherman (1965) have shown that a C!-function g(¢) on an open
interval J is operator convex if and only if

Ky(t,to) = 20710 (¢ £ 1), Ky(to,to) = ¢/ (to)
1



is operator monotone on J for every ty € J.
Uchiyama(2010) proved that g(t) is operator convex if K,(t,ty) is operator
monotone for one point tg € J.
By using this, B. Simon showed that @ is operator convex.
Davis (1957) has shown that ¢ is an operator convex function on J if and
only if
Pg(PAP)P < Pg(A)P
for every A with spectrum in J and for every orthogonal projection P.

Definition 1.2. (Brown 1988, 2018) g is called strongly operator convez
function and denoted by g € SOC(J) if
Pg(PAP)P < g(A)
for every A with spectrum in J and for every orthogonal projection P.
It is clear that a strongly operator convex function is operator convex and

that the identity function f(t) = ¢ is not strongly operator convex on any
interval.

2. STRONGLY OPERATOR CONVEX FUNCTIONS (BROWN-U)

Theorem 2.1. Let g(t) be a continuous function on J such that g(¢) > 0.
Then the following are mutually equivalent.

(i) g € SOC(J).

(i)

(iii) 1/g(t) is operator concave.

Theorem 2.2. (i) 0 # g € SOC(0, c0) if and only if g(¢f) > 0 and g¢(¢) is
operator decreasing.

(ii) g in SOC(0, o0) is a completely monotone function, i.e., (—1)"g(™ (t)
00<t<oo)forn=0,1,2,---.

v

Theorem 2.3. Let f(¢) be a continuous function on J and ¢y € J. Then
f(t) is operator monotone if and only if K¢(t,to) is strongly operator convex.

Proposition 2.4. (cf. Ju. L. Smul’jan 1965) Let f(t) be a function on a
finite interval (a,b). Then
(i) If f is operator concave and operator monotone on (a,b), then f
has an extension f to (a,00) such that f is operator concave and
operator monotone on (a, co).
(ii) If f is operator convex and operator decreasing on (a,b), then f has
an extension f to (a,00) such that f is operator convex and operator
decreasing on (a, c0).
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51T, 2D i) ORHEPMBONE BEZITICRS W) LD XS LEEZE -
TWVWENZEHEZEZRITNER SR, HodD T - 28] ZZNZUPMZILTH S
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JL < 5.7z Fourier Analysis M 112 Walsh-Fourier Analysis &\ 5 238283 H 555, 20
HIFEHE TIEFEHARIZE ZOBHOMEENE SNz, BETEINETIENY ATV — 1
VT, KAV, TAVARETHEIFENCTNE, EEHEZONHEEMEDORNED—DIC
LT\W5, YD 6 EFHIE I OB OMIEA, EMARISHZ BN LT, BUA7ZIHTERNIL,
Trigonometric Fourier Analysis @ analogy ZiE->TWA XD IZERX TR SR h o7,
Z DMEMNIZFENME OFETH FBRIZE L 5 vz, 2D % < A, #ilZ2 11X, Walsh-Fourier
Series DINEE, Cesaro ¥R AT HEM:, Uniqueness @ --%Td - T, Walsh Fourier
Analysis MO & XD L ST hboTWE D, FHIHFOHTED L 5 ik#Hl %
REZLTVWEDONIZDOVWTDEKITZE D EMNLD -7z, Walsh-Fourier Analysis (2 1%
ZORTUPRZERVEEHDE DB IETTHD, TNEIHFOEI B 2B HO—D DR
LULTIORHOEHIZR>TWAIXT TH S,

1 Walsh-Fourier Series ICDWTD X E

Walsh-Fourier Series D# & 1 0 & 1 O8F t = (ty,t2,---) DHEA [ 1THF + 2 A
Nd, t+t' = (ur,ug -+ ). TITTu, = |ty — )| =t + th(mod 2).. ZHUZ XD IY &
2EEREITIR B,

Walsh Function : I EDBIEE won (t) = (—1)i+ &L, N=>,_ 2™ DL &,

wo(t) =1 wn(t) = wari (t) - wonz (t) - - - - wans (1)



3%, wy(t) (N=0,1,2,--) i I) TEBTEMRERRIZR DS, 512 w,(t+t) =
wy (B)wy, () DERY D 5,

Walsh Series : R LHBE D 3_jcnvwn(t) & Walsh Series &\ 5, Rz, B
BOBA%EMH>T ey = flg fwn(t)dt L ET B & &, Z D Walsh Series % Walsh-
Fourier Series &IES, ZD& &, limy_ oo Ziigl crwi(t) = f(t) a.e PO IL-T
Wwa,

Quasi-Measure (BEHHIE) - H£E& I 20%3 5, I) =1Y U] (disjoint), TZTIY
Et1=0TH5 I DERES. FARKIZI 3t =1 ThHHHNEELT S, ZNEMUT
FBRIHE S T IR 12 Yo p, b = & %l t, BEES W TVS I) OBAEE LT 5,
ORI BEAOIITZ I} = I, UIF! (disjoint) BRI S 5, I}, DKRED A
A=V [&, 2 th s,

m 2% I LD Quasi-Measure & &, m(IX,) I3FEBIEDOE AT

m([?]i]) :m(Ilz\}[;l) +m(I]2\;DJ—:11) (N: 071727"' 7p2071727"' ;2N - 1)

CIEME-T 2R WD,

fER D Walsh Series (Z#d4 3 L H Walsh-Fourier Series & 1ZBE 5722\, 25K ¢, 1%
2HBEIZHRDTEIW) &35 &, 2D Walsh Series 72 5 M—® Quasi-measure m 53X
DATHRE D,

oV _1
1
7mm):§V§:%mﬁ)::?te@
k=0

52 m B EOBBRRZ 723 Quasi-Measure 7 51X, Fourier Series 1224725,
PRk = 17z Walsh-Fouerier Series 23 —1F#4E9 5, $7240 5 1 DD Quasi-measure 12
1 D@ Walsh Series (%1% Walsh-Fourier Series) A)6d % 14 1 {2 >TW\W5,
Z D& Z Quasi-Measure m @ Walsh-Fourier f28UXIERMIZ ¢, = flg wy, (t)m(dt) &
\F 5,

Walsh-Fourier Transform (Walsh-Fourier Z2##) : 5[0 7 — 22 I3 EEE LRI N
2, I ED Quasi-Measure & I5° (ZE TR THZ % & 12, Fourier 21247 5%
RPBEIZR DL, ZOHED I§° LD Quasi-Measure @ Walsh-Fourier Transform 753
U I £ Quasi-Measure 1 15 LIZXIET 5 Z & 230> T b,
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